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fteapsort
• Heapsort is an Ocnlogn) sorting algorithm
• It uses a heat as its underlying data structure .

• Heap is Nearly complete binary tree
- All levels are complete except possibly last one
- Heap propetty [later]
- Height of tree is A Clog n) where n
is the number of nodes .
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Heap Property (Max heap)
-

The heap is stored as an array
• All] is the root

• Parent of A [ i] = AL Lily] parent Ci ) = his
• Left child of Aci] = A [ zi] leftCi ) . Zi
• Right child of Afi ] = A [ziti] right Cif Ziti

• Heap property : A [ parent cis] > Ali]
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Max heap property guarantees that max . element

is at the root .



Maintaining heap property
⑨ i Heapify CA , i. n)

l ← index of largest
2 ¥41 among {Acid , Akil , AG 3

if etc
then swap Ali] Ace]ffoing down

heap heap tkapifg.CA, e , n) (fix) a path

Build-up! '* down. .FI:7?I:i7i?y7..ndo Heapify ( Asim)
is root of heap .

( leaves are heaps)
loop invariant



Example ( illustrating Heapify)
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Going down the path ⇒ 0( log n)
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What is the running time of Buid heap ?
① Cn) calls to Heapify , Heapify is 0 (Ign)

⇒ Oculogn) [not tight]
We can say better !

There are at most 2
"
nodes a level i

each has height @ - if
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constant

so Build Heap runs in Acn) time .



Another Ocnlogn) sorting algorithm .

Heapsort CA , n)
Build Heap ( A , n) - - -- - - - - Acn)
for i← n down to 2

do swap A [I] ⇐ Ali]

tieapifyca , I , i- i) . .
: Oclogn)

sorts in Ocubgn)
why isn't this Ocn) as well ?
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We always heapify at root ⇒ sum of
distances to root ( Not sum of heights)

!§2"i = . . . 0 Cw log n)

( try it)

compare with ⇐I (h - it from before
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Heap as priority queue-
Maintain a dynamic sets of keys supporting
the following operations:

• Insert (s, se) : inserts n into S

•
Maximum (s) : returns element with largest key

•
Extract-Max (s) : removes & returns clean with r p

• Increase - key (s, se, KJ : increases 2e's key to k

(Assume k> n 's current key )



Maximum CA)
return AG]

Time
-

ftkapityExtract-max Cain)
if na °

§then return
"
error

" O/\o
m ← ACB

swap ACB Acn] §¥¥¥
teeapify CA , bn -D

,
return m '

a

Time : Oclogn)
Not showing explicit
- update of Heap size



Increase - key (A , i, keyjnew Value for the key
if key s Ali] 0

then return
"
error

" o/\o
Ali] ← key blotto
while i > I and Afeparentcil] < ACD f) flo

do swap Acid ⇒ A[ parental]
i← Parent Ci)

Time:OClogn)



Example of increase key .
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Thang e to 15 (only consider nodes on path to root)



Insert CA, key ,n) o

GloA- Intis -00 6864
Increase - key (Ain -11 , key) oxo

que,

Time : Oclogn)
-



Build -heap (Ain)

"
&:÷:÷:}'¥¥ni¥¥÷÷÷g÷is root of heap .

loop invariant
At beginning of iteration i
Modesitt O . Init:i=L

are roots of heaps . ] b. O/\O nodes FETTE+2
0 At beginning offer. I

B&b Glo i - - - n are

Glo i - , £10 . •
• root of heaps

oil.#- -•

.

• We went through • on Maintenance :
µ•↳$•f↳ iteration i and finished toop-m.ua#hsreat

we called -Hoo Heapify (Asian) . -ginning of iteration i , show
•
-

nodes is it, n - → n are heaps i¥s true at beginning of iteration
( i-Dtl, C-Dt2, - - - n are heaps E- I

At termination i
, ⇒

all nodes 112,3 , - - -in

are heaps .


