
The Chi - squared Distribution
-

Let an Nco, D .
Consider y = n? What is the density of y ?

fly) = ?
(why ?) we consider positive quantities , so we often square
quantities, but things tend to be Normal by CLT .

One approach to figure out fly) is by a change of variable
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In general , if g- gcn) and see g-
'

Cy) [invertible]

then fly) = Fxg(gggy for appropriate range of y

Example : x - Unif ( on) and f- bun = gcn)
what is fly) ?
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check : %etdy= et !! = I - e-0=1 .



Example : Nr Unf (oil) y= - 2x agfa)
n= - I = g-

'

Cy)

g'cat - 2 ⇒ g'(g-
'

GD = - 2

f- (g) = ÷, = Iz -Ky so

check : §
,

Edy = Ig I!z= 0+1=1 .



If X - N (oil) , then y = W has density
test. If

'
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It turns out this form can be generalized for any KEN .
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where Mfa) is the Gamma function {ta- ' e- tdt
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• We can show that the Gamma function Moe) satisfies :
Mn) = @-1) Ma - D where a > I .

is

reeks:t÷e÷=-t÷e I - I:÷¥e"
o du

= o + @- t) Ma - i)
• Also

, Mi) =L .

What happens at integer values ?
My = I Cl) = I = l !

((3) = 274=2 = 2 !

(H) = 3573) = 6 = 3 !

:

• Also for any a> o : a cat 1) (at2) . . . (at K- c) = Matty
Ma)

• Mlk) = fit



The Chi- Squared density
-

fly) =÷⇒ #
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K is the
"

degree
"

of the distribution . yr X:

Ely] = K Var(y ) = 2K

• If X- N(od) ⇒ n'n XY (with Kai )

• Sum of independent X
'

is X
'

with degree equal to sum

of degrees .



Classical applications of X
'

-

Imagine me roll a pair of dice he 144 times and we
obtain the following outcomes for SE {2,3, . . . , 123
S :23456789¥

Ys : 2 4 10 12 22 29 21 15 14 9 6 # times

we have seen
The corresponding probabilities are : outcomes

S :23456789¥

Ps : IT too it to % I % at Tz too 316

Each Y, is a binomial R.v. with na 144 trials and
success probability Ps .

So E[yI= ups



S :23456789¥

Ys : 2 4 10 12 22 29 4 15 14 9 6

Nps : 4 8 12 76 20 24 20 16 12 8 4

One important question is whether the dice are fair, in
other words , are the outcomes coming from the claimed
distribution ?
Construct z

,
= Ys-npsrnpsfpsj~NC.it) [at ]

• Ys - ups measures deviation from
"

Expected "

• Dividing by taps scales this , so all s are treated
"equally "

• Some are positive , some are negative ⇒ Square them !



Izzi r x: ? ①

they are Not independent ! for instance , given
Yz a Ys s -- - , Y , , ,

we can determine

Liz = U- ( Yat Y, t . - - t Y , ,)

It turns out, theoretically , the correct thing to do is

Ez: Haiti - x:
⇒ anaae.EC#-*.Eq.:Ied5nx;...&tD

Check P-value using XI ,



proofforte-2-zi.itzit' = d÷"5 +

npz

Use Y,= N -Y ,

we get digged + tdJn Cl - pi )

= = Zi - X? -- XI ,up, CI- Pi)



Typical X
'

test examples
-

contingency tables
A 14 6

B 16 24

Check if outcomes come from a uniform dit (4,4 , 14,4)
b- Go . Mps = 6¥ = 15 .

44¥51 't k¥5't HEID 't 5=10.933

check Rahne on X } (K- 1=3)
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What if we want to check for independence of traits .

'
k 42 Are and

€74136120 Its independent ?
16 24

"

i. 40 213 I
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- - - (kik , } , })

E[AA] = 10 E[AB] = to ELBA] = 20 E[ 13133=20

(Ht't Cio't 46%-05+44%-205=4.8
check Pvalae of Xyz what should the degree be ?

Given AA- 14 , we can determine all the remaining
numbers

. Degree of freedom is 1
.
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^# In general , knowing\ • • . •
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.
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of freedom is

@ -Dcu - I

Next : X: as pain . . .


