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Beta Priors
-

Recall the Beta density

ftp.ffgtff-p, p
" '

e - i

Assume the prior for the prob . of Heads is a mixture of
two Beta priors .
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Beca , Belem)

We observe k heads in n tosses
.
What is the posterior of P ?



Posterior due to Be Kip) : Be (Atk , ftn - K)

posterior due to Be a) : Be ( ptk, dtn - K)

Mixture : Recall
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Kolya 's Urn
-

O ⑧
oY÷ : ::. .:c:

O
O 0

Repeat :
- pick a ball

-
Look at color

-
return it with c- new balls of the same color

When c - o
, drawings are equivalent to independent Bernoulli

with p= b-
btr

when a# o , the Bernoulli s are not independent .

e
-g . the second pick depends on the first one .
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. EiggPCBRB) : bby - BITE - b}I÷c
PCRBB) : If .gg#r+c.btc- not matter .

btrt 2C

Let Sn = # black balls seen in n trials = X
, e-Xzt . . . + Xn

P( Sn = K) = (F) pn, ,e [all sequences with k black have
same probability ]

( As in Binomial)



Interesting fact :

-

P ( x; =L) = b- still I [ and this does not mean
b tr

.

that Xi is independentof
Xi , . . o
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Example : Paz =L) = P ( Blk) + PCRBt)
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Another interesting fact .

PCxi=n/Xj=y ) = PCXi=n,Xj=y)P(xj=y)
=

P(Xi=y , Xj=n)
-

P(xi=y)

= P(xj.se/Ki-- y )



Back to Pn
,
K : P ( BB-j.BRR-jj.ru )
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where = (E) = f- =
Mn_

K !@ -K) ! FCK-111mn -1<+1 )

Stirling 's approximation Mn ) ≈ Fin
"

for large n .

Mn
≈
na
-b
(n large)

M(n+b)

Assume K→• , but k≤nx where ◦ <n< I

P(sn=k ) ≈ ¥;É⇒ KE '
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Proof of %ⁿ;+ → na
- b

for large n .

@+a)
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PCE ≤x) = PCE =D + PCE = 1)+ . _ . + P(¥ = ↳h )s
R

Now , lair
↳•

£ / PCE=D + - - - - + PCE = %I)] = ! P(%=u)du
-

P(ˢ÷ ≤x)x

P (÷ ≤a) = n! P(sn=nu) die
since na→ oo

, replace k with nu in the expression for P(sn=k)

we get PCE ≤a) = [ ftp.?-gjE!-ub=-'G-uF-
'
da

therefore ¥ ~ Be ( ¥ , E) as n goes to infinity .



Let 'E Eggo ¥ .

It's also know that

P ( Sn - k I 7- p) = PKG - p)
" -K

In other words Sn is Binomial with parameters

kin, p conditioned on Y=p .


