
ftp.Rando#abes ( Discrete case)
Definition : A random variable is a mapping from the
sample space r to the real line

of :S→IR
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Mapping is not necessarily one- to-one n⑧fWe can work with outcomes
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Probabilitytlassfunctiom (Discrete case)
It's a function that assign a prob . for each
value of X

uniforms:
in . . . . . . .

.gg g . . . . qonitorg.in?teesampiesD9in space

Binomially :
consider tossing a coin n times

. (tosses are independent)
e-g . he 3 Gk { HHH , HHT, HTH , HTT, THH, THT, TTH,TTT}
In general 151=2
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probability of an outcome with k heads and n- k tails

is pkcl - p) ""
Random variable

p3 HHH
o X = # heads in

pace - p) HHT
the outcome
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Geometric PMF
-

Toss the coin until you get H
.

§= { H, TH, TTH, TTTH, TTTTH, - . . . .
. }x¥i⇒÷÷①

PCx=? p(x=k)= p f- p)
""

k> I

PCx=i) =p
PH-- 2) = C - p) p Ey peep, " - I
PCx⇒ ) = C-p) Ci- p) p - f-pjppftf-pef-phfpj.in . .
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• Uniforms P (X -- k) = In where n is the # values (n is param)
• Binomial Paek) = (2) pka -p)

" -k

( PR n are parameters)
• Geometric PCx=k) = p Cl -p)

" '
( p is parameter)
-

The Expected value or means of a random Variable X .

ELX] =⇐ nPCX=a)

Example : Consider uniform R .

V
. in { I , 2,3, . - - on}
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One can compute the expected value of any function
F"

Effect] = I. Ftd PHD
ELX] is a special case when f-fake

Expectation has the following properties
• The expected value of a constant is the constant itself .

• E [ax] = a Efx] where a is a constant .

• Linearity (very useful) : E ExtY] -- E + ELY]

regardless of whether X and Y are independent
• ELXY] = E ELY] if X and Y are independent
X and Y independent ⇒ ECXY]= E ELY]



• Conditional Expectation :(Nested expectation)
ELX] = EfE[X/Y=y))

-

The inner expectation is expectation of X using
PCX Hey) (and not PGD

This gives an expression in L .

-
The outer expectation is over Y using PG)

{ Ecxhfy] Pay)
y Tf

v

f ⇒ In PCX-aly.is)
x



proofs

§# n Pakal PCH)

= {§ r PG-- se Hay) Paty)
= { nf PA--n Hed) Pff y)
= {n PG- a)

It's also easy to prove linearity and the product in case
of independence .



How linear property can be useful .

Say X is binomial Park) = pka -p)
"- k

EUI = !?kMx=k) ;€k④p% -pj? ?
-

suppose * GI p BernoullitridTELXe.tn =p• I - p Bernoulli Random Variable

(I. p + o.fi - p))If Xi , Xz , . . . . ,Xn independent Bernoulli RVs
Then X= Xitxzt . - - - + Xn
ELX] = ELX,txt . - -Xn] = Efx,] + EExit . - -Eun] = up
-

So another way to look at binomial random variable
is that it's the sum of independent Bernoulli's
X - X, c-Xz t - - - t Xu

PAIK) = born ,p) = (E)pkk -p)
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