
- Proof technique
%FbYIn-duct.cn

-

Prove something of this form

An c- Al
,
P Cn)

- Typically , = {91,43, _ _ . }

Exanpte.sn :

•
Prove that .É

,

i
= ncn÷ for all n c- At

Vn c-N , P (n) where pcn) : { i=ⁿfn¥F- I

• Prove that every positive integer n can be written as

n= m2k where m is odd ,
KEN

• Prove that F→ÉÉÉÉ=ñ for all nyt



ttowtoprovebyinduch-on.TO
Prove Pcn) is true for all n≥ no (typically no -_o)

-Base : Prove P(no) is True (verification)

- Inductively: Prove it K ≥ no , Plk)⇒P(k+D

( Assume PCK) is true
, use
that to prone

PCK-11 ) is true)

this establishes : tf n≥ no , Pln) is bite



Exanplet : Prove £2" = 2^+1
- l for all n≥ o

i=0

Baseca no =o : Plo) : & 2" = 2°" - I
i=o

2°
= 2

"
- I

1 = I ✓

Fnduetihestepi V-ks.io , PIM⇒ Plk-14
Pfk) : ¥22" = 2k" - 1 (Inductive hypothesis)
P(k+i) : É zi = 2*4+1 - / = 2k

-12

_ ,
f- °

2
"
= g2i + 21<+1

=
2kt '
- 1 + 21<+1

i=0

= 2kt
'

+ 2kt
'

_ I = 2.2
""

_
I

= 242 -1 .

Done



Examples ¥-11 -1¥) = n-11 for all n ≥ 1 .

B.asecasei-no-i.li#(1+!-e)= 1+1

It 1- = 1+1 ✓

Inef : A K ≥1 , Per) ⇒ PCK+D

PIK) : # ✗+f) = K-11 ( Inductive hypo)i=i

Plkt) : (-4-1--4+1) -1 / = K-12

1¥11 -1¥ )=!É(1+1-1×4-1¥, )= @+14+1%1=4+4+1
F- I

= K-12 .



Exanp

To = 0

Tn+ , = Tn Tn ( In = Tn with bits negated)
T, = To Fo = 01

Tz = Ti TT = 01 I 0

Tz = Tztz = 01 I 0 I 00 I

Prove Tn has 2
"

bits for all n c- = { 0,42, . . . }

Basecasei-no-o.PH) : To has 2° bits✓

In¥tp : it k≥o, PIK)⇒ Plkti)
PCK) : Tic has 2k bits ( Iad - hyp)
Pacey : Tke , has 2k

" bits
Kel

Tk+ , = TKFK which has 2k -12
"
bits =

2.2k bits -2 bits
.

Done .



E✗anp1e: Prove that Tn starts with 01 for all n≥ /

Basecasei-no-1.IT = 01 So it starts with 01 ✓

Induckvestepi.lt K≥1 , PIK)⇒ Pfk-11)

PIK) : Tk starts with 01 (Inductive hyp)
Pfk-11) : Tki starts with 01

Tkt , = Tk Tk and therefore Tkt , starts with 01 twice

TK starts with 01 . Done .



Eixample . Prove Tn ends in 10 if n even

and 01 if n odd for n≥ I

Baseca no=\ . T, = 01 , it ends in 01 and I is odd ✓

Inductive : H k ≥l , PCH ⇒ P(K+D

Tk-11 = Tktk

K -11 even ⇒ K is odd ⇒ Tk ends in 01 (Inductive hyp .)

⇒ The ends in 10 ⇒ Tk-11 ends in 10 .

1<+1 is odd ⇒ . _ . (symmetric argument)



Example 6
-

Prove n3 - n is a multiple of 3 for all n≥ ◦

Baseca no = o . Pco) : 03 - o = 0 is multiple of 3 ✓

t-ndnch-estep.tt k ≥ o, PIK)⇒ Plk-11)
PCK) : k3 - k = 3m (Inductive hypothesis)
pckii) : ⇐+1)3-4-11) = 3m' mom

'
c- 2

(f-+1)3- + 1) = k3t3k2+ 3k¥ - k -11
= (K} - K) + 3 (Kkk)

Ind . hyp . (&= 3m + } /Kkk) = 3 (Mt K2-1k) . Done

→



What's wrong with this proof ?

Prove i
=

n2+n +VE
2-

tf n c- N

÷
PCK ) : i= ñ+k;r
Pfa) : i = K-YY_(k+D+v

"

i = i + ( 1<+4 = kʰzk+F +4k¥ = .. - = K+Ñ+¥HÑ .

E-I i=1

Done .


