
Generating Functions
-

The generating function of the sequence
Ao

, Ai , 92 , 93 , - -
-

is f-(a) = Aoki -1 air
'
+ aid-1 - - - -

D

= [ aixi
i=o

E✗ample:_ Generating function for Fibonacci

f- (a) = 0.se?+ 1.x
'

+ 1.Ñ+ 2nd + 3N
"
+ 5kt + 8xᵗ+ . . .

The nth derivative of fog at x=° divided by n ! is an

an=f"n ( for any sequence)



f- (a) = dont + air
'

+ aid + air + . _ .

f- G) = ao ⇒ %¥= do

f- 'Coe)= 9 , -1 292kt 39322-1 - _ .

f- ' (o) = a , ⇒ F- = a ,
f-
"

(a) = 292 + 693kt - - - -

f-
"

co) = Zaz ⇒ F¥%_ = Az
f-
"

(a) = Gas 1- - - -

f-
'"

(o) = Gas ⇒ = as

t

:



so f- (a) = É f%¥ xi (Maclaurin series)
E-°

÷



Example :
- an = 3×2

""

- an - , ,
a
,
= °

91=0 , Az = 3×22
- "

_
9
,
= 6 , . _ .

Solution : an = 2
"

+ 2ft)
"

. [ look for it]

Generating function :

f- (x)= a ,X
'

+ Azx
"

-1 93×3-1 . _ .

= air
'

+ ( 3×2 - a.) N'+ (3×22-92) -6 + (3×2193)×4-1 . . .

= air -16×41 -12N -14N:-. . ) - la,ñ+aÑ+as✗"+ . . .)

f-(a) = 6×2
. - RFM [+ at aka? - -- =±a }if lats '

f- (a) =qÉ



f- (a) = 2×2 /÷ +

f- (a) = 2×2 [ I - n +d-x¥ . ] + 441+2×+4×4 . _.]

Coefficient of x
"

is 4.2^-2+21-1)
"

a-
An = 2

"

+ 2C- 1)
"



sorhnganarray.li
Repeatedly find the smallest
element

, move
it to the

beginning of array .

(n- 1) comparisons .

took:(n - 1) + In-4 + X-D + - - - + I = MEI ≈ ¥

Tn = (n- 1) + Tn
_ , , 17=0



A better idea
urn

Merge Sort : Divide array
into two

"

equal
"

size arrays

¥-1 (Merging - - )
sort -1 sortB

EE FK
4¥
Merge ↳Gre

Tn = (n- 1) + Tyg + Try move smaller of the two

(n- 1) comparisons .
[each comparison move an elem]Approximation : Tn = n + 2Tn{

( Assame n is a power of 2) IT= ◦



T
, Tz Ty T8 TIG

do A
, 92 A} 94

An = In

An = In = 2
"

+ 21-272 = 2^+21-2^-1

*.

⇐ ⇔

We have seen this before

an = In ⇔ Tn = Align = login . 21%
"

= n logan .



Number Theory
-

Divisibility Definition & Notation

1. a divides b

2. a is a divisor of b

3. b is a multiple of a

3 m c- 2
,
b- ma (definition

4. a / b (notation)



If a does not divide b ( a ✗ b)

In general ,

[unique representation] b = a. q + r where ◦ ≤ rsa

f- ◦⇒ at b)
9 : quotient
r: remainder

, rt {0,42, - - - , a-1 }

Proveuniquenessn:(By contradiction)
suppose b= aq

,

1- r, = aqztrz ( re > ri )

what can we say about rz - ri ?

◦ < Fr - ri < a



rz = b- a92

ri = b- aq
,

ri - ri = (b - aqz ) - ( b - aq ,)
= a ( 9

,
- 92)

Now
,

◦ < a (9 , - %) < a

◦ < 9 , -9, < 1 , a
contradiction

.

because there is no integer strictly between 0 and I .



Given two integers a and b
,
the

greatest common divisor of a and b

gcd (aib)

is a divisor of a and a divisor of b and

it's the largest such integer .

Well defined concept :

-
1 is a common divisor , so there is one

-
Common divisor ≤ min Ca, b) , so there must

be a largest .


