
Graphtheory
• A graph consists of a set of vertices

T and a set

of edges E a Vxv .

• It represents pairwise relationship , typically illustrated
using dots or circles for vertices and lines (not necessarily
straight ) for edges .

Example :
Mr ⑤# cycle

path

We will focus on undirected graphs . Edges have no direction .



What do we know ?

-Degree of a vertex : # edges touching it .

-
Edu = 2 /E / = 2x # edges
VEV

- Planar graphs : a graph weca-draw.in the plane
without edges crossing

Euler formula : v- e + f- = 2

v= IV / , e= /El , F=#<faExample
um

%
V= 5

e-- 5 } verifyE

0¥
B f- = 2



A path in the graph is a sequence of vertices
connected by edges

V1 ) V2 ) - -- - , Vn (path from V
, to Vn)

- Vitvj
- Ki , Viii) c- E
- All edges are distinct .

Exception : V1 = Vn , path is called a cycle .

mm

why A B A is not a cycle ? (same edge)

A walk is a path where vertices and edges
can repeat , and if Y=Vn , we call it closed walk

.

mobility



The path relation is an equivalence relation on V
Univ ⇔ there is a path from u to ✓

• Reflexive : u→u [Empty path)
•Ñ a→ v <⇒ ✓→ u (undirected graph)
• Transitive : um>v n v→ w ⇒ u↳w

(tricky but true)
>
W

"
•~•Tthere is a walk from u to w)

Extrat a path from the walk.

UmindVinny W U woo-5W

First vertex that repeats



• Every equivalence relation defines classes of equivalence

•
What are the classes of equivalence in the graph .

• We call them the =Épts of the graph

IF -took oh← 4.
this graph has 3 connected components c=3m.

A graph with 0--1 is called a connected graph .

Updater Euler formula : V- e + f- = C -11
( planar graphs)



Trees
mm

A tree is a connected graph with no cycles .
- -

FEET
too

Aeternalivedefinitioni
I. connected & cycle- free
2. connected but removing any edge. disconnects it .
[ minimally connected]

3
. Cycle- free but adding any edge creates a cycle

[maximally cycle - free]

Tree⇒ IE / = / V1 -1



Tree ⇒ IE / = IVI - 1

Lemma : Every tree with IVI≥2 must have at least one
Mmm

vertex with degree 1 .

Proof: Induction on n= Iv1

Base case : n= 1 •
IE / = ◦

/V1 = ,
= /V1 - I

cure

Inductive step : A tree with K vertices has

mm

IE / = / V1 - I

consider a tree with K-11 vertices , it must have a vertex with degree 1

a tree with•
delete this vertex of degree 1
together with its edge .

K vertices

has IE /= /V1 -1 adding back the vertex and its
edge maintains the equality .



Proving Euler's formula for 0=1 (connected graph)
v- e + f- = 2

Induction of # edges .

B.asecoisem.IE/=o1VI-- I •

V- e + f- = I -0+1=2✓

TILLY : Assume true for K , consider K -11 edges
- If graph is tree , then : e=k -11

V= K-12

f- = 1

(K-1.4 - (K-11) + 1 = 2

- If not , then there is a cycle . Delete

an edge on the cycle . Now we have a connected graph
with k edges , it must have v- e tf = 2 .



:]÷É
.÷

Deleting @N) also merges two faces .
So when we add ⇔ back

,
we get e-11 edges and f -11

faces , making V- Ce+ 1) + f- i-D = 2 .



Which graphs are not planar ?

First , define degree of a face to be the number of edges
on a closed walk of its boundary

og¥É 5+4+9=18

-
e = 9

§ df = Ze



3.f ≤ 2e

k 3,3 is not planar
every face has at least 4 edges

4 F ≤ Ze

F- 6
,
e= 9 ⇒ f- = 5, but 4×5>2×9

÷ every face has at least 3 edges

V= 5
,
e- 10 ⇒ f-= 7, but 3×7 > -2×10

Every non -planar graph has K},} or Ks as a

"

basic shape
"



Another interesting result :

Every planar graph wth V> 2 satisfies
e ≤ 3T- 6

PIE. Since every face has degree at least 3 (because v> 2)

We have 3f ≤ 2e

but e.= wtf -2 ≤ Vt ¥ - 2 ⇒ e ≤3r- 6

Average degree
[ du = Ze ≤ 60 - 12
VEV

Éfˢ ≤ 6-¥ < 6 (there must be a vertex v such that
dv ≤ 5)


