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Properties of Implication
-

1) If P is true and ④⇒Q) is true , then Q is true

Pooja ( last row) (Pnf⇒Q))⇒ Q [direct proof]
° l l 2) CQ ⇒ 7 P) =@⇒Q) [proof by contrapositive]
I O O

l l l l 3) fP⇒ False) is true , then R is true

( First row
,
7 P is false) [ proof by contradiction]

4) If P⇒Q is true , and @⇒ RJ is true ,
then @⇒Rj is true . [transitivity]



• All can be verified by truth table

•
Let's prove 4) by case analysis on E

.

• If P is false , then ⇒ R) is true regardless

• If Pie, then since (P⇒Q) is true , this
make Q true . Now Q is true , and @⇒ RJ is

true . therefore R_e . Finally @⇒R) is true .



Flash Cards

uptrue P⇒Q true:⇒:
' i¥::(contradiction) (contrapositive)



We can also say many other things . . -

P⇒ Q true p⇒Q true

P ⇒ R true R ⇒ w true
- -

P⇒ (Gnr) true (PNR) ⇒@aw) true



How to show ⇒Q) is true ?
mmmm

•
Show that Q is true when P is True (direct)

• show that 70⇒ IP is true (contrapositive)

• show that CPMQ) ⇒ false is true (contradiction)
To show P true
mmmm

• Show that some R is true
,
and R⇒ P is true (direct)

• Show that ⇒ false) is true . (contradiction)



P. Q
Example I Show n odd ⇒ rid odd ( is true)
-

n odd : n= 2K -11 Where KEE (Definitions)
n even : n = 2K where K EE

NI ⇒ h= 2K -11 (KEE)

n -_ 2K -11 ⇒ n? (2ktD2= 4K't 2kt I

= 2Gk7K) -11=2k't l (K 't E)
n? 2K't I ⇒ n

' odd
-

Note we also established : n
"

even ⇒ n even

(contrapositive)



Example 2 . F Q
-

show : a. b f- Q ⇒@to v b # Oh) (is true)
consider the contrapositive : ups Q : AVB

Eaton
⇒ arise - n÷:¥:;¥7gsA C- Oh ⇒ a = Ky NEE

, y E N

b c- Oh ⇒ b= In ZEE
, WE IN

⇒ a- g- n b- In
a > ng n b- Zz ⇒ a. b= ay÷ ZZ EE

, ywHN

ab = 3¥ ⇒ ab



Example 3 :

-

Show VE is irrational ( VE Ef Q)
P : VE f Q1 , TP : VE E

TIED ⇒ E= If ⇒ 2=92-2 ⇒ aZ2b2 ⇒ a
'
even ⇒ aereri
from before

Vz GQ ⇒ BE AI= GDzG# = 2 K'⇒ b' even ⇒ b even
- -

V2 EQ⇒ a even n b even ⇒ Az reducible

( cont . next page)



P : Vz # Q

R : f- irreducible

so : TP⇒ TR

TP ⇒ R (why ? , see next . . .)
-

⇒ 4- RAR ) contradiction !
-

False



Because :

Every rational number can be expressed as

Eg where AEK
,
be IN

, and Ag is irreducible

we cared have started the proof like this

FQ⇒ VE = Ag A Az is irreducible ⇒ . - . .

-

. . . ⇒ f- is reducible
-

V2 EQ ⇒ (RMR) contradiction
.



Examplehli Consider the nxn (n even)

E#:::i÷
.

E¥e#
'

÷÷÷÷:
the grid and

occupy two cells)



Show : opposite corners deleted⇒ grid not coverable
- -

P

¥E⇐¥i¥¥¥.
.

qg
"9%

.

Suppose opposite corners deleted A coverable Is true
PMQ



P⇒ two cells of same color deleted ⇒

# black # #white

7 Q⇒ each domino covers exactly one black cell

and one white cell ⇒

# black = # White

Pn7Q ⇒ (#b = #w n #be #w) (contradiction)
--

False

so R⇒Q is true
.


