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Understanding A
#

Hilbert 's Hotel :
-

•
Hilbert has a hotel with infinite number of rooms .

• All rooms are occupied .

• One new customer shows up .

•
Hilbert finds a room for the new customer !

How ?
- Move customer in room i to room it 1

.
Since we have

infinitely many rooms, every customer will fend a room .

Room 1 is now free !

What if infinitely many customers show up ? Move customer in room i

to room 2i. Now all odd numbered rooms are free !



So we conclude that IN = { I , 2,3, . . . } and

{ 43 , 5 , . . . } and { 2, 4, 6, . . . } have the same
"
size "

.

Are all infinities the same ? ⑧
We define countable sets

. A set S is Eta if :

-
S is finite , or

- Z f : N→ S and f is a bijection .

( or f : S→ Al )



Consider f : AV → { 44,6 , . . . }

f-(x) = 2x

f- is one - to -one : K
, # Nz ⇒ 22 , #222⇒ ffa) #ffez)

f is onto : tf y t { 2,4, 6, . . .} . a- Iz E N and flaky

In other words : A set S is countable if we can give
a specific order on its elements such that each element

has a finite rank in that order
.

This suggests the following results :



• If S is countable
, then To S is countable

- preserve relative order of elements in T, each will

have a rank that is at most its rank in S
,
so finite

St.
T-I.tl

I 2 3 4

• If A and B are countable
,
the An B is countable

.

An B c A .



• If A and B are countable
,
then AUB is countable .

A- { ai , Az , as , . . . } D= { bi , bz.bz, . . - }
Can we list elements in AUB such that each

will have a finite rank ?
A , az as . . .

b
, bz bz X

a , b
, 92 be as bz . . . ✓

Each element at most doubles its rank
,
so finite .



Is I countable ?

°
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, 4, -4 , . . .

If ie Z is positive , it's rank is 2i
,
so finite rank .

If ie K fo , it's rank is 2 lilt I , so finite rank .
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Is Q countable ?
#

First if A and B are countable, then AXB is countable .

A = { ai , 92 , as , . . . } B -- { bi , bz , bz, - n . }
n n

n
-

- /
r

this
"

diagonal
"
order

Caz , bs) (oh , by) guarantees finite rank for
✓ r r

✓ @3ibD1asibDa3ibgCas.by) every Cai ,bjj.q@4ibDK4ibDa4ibDa4.by)
•

I



Proof :
-

Fit, rank of Lai, bj) f # elements in
- - - - - -" - - - -- team, triangle - +⇐in
=

= 4ti-Lli (finite) .

ditj- i
#
I
⑥ can be thought of as a

" subset " of 2xN .

So 0h is countable ! Every fraction Ib is a
"

pair
"

where a E Z and be IN .



IR is Not countable (Diagonalizedon)
#

There is no bijection from AV to IR .

Proof by contradiction : suppose these is such bijection . f : N → IR
then for every IE N , let fcij = r E IR .

Construct n EIR suck that the its digit of se
is different than the ith digit of Fci)

N
e.g : §µ?yy- since at IR and

\ HjEN . flj) # n
5. 555

2.50010 then f is not onto .
\

!
A- OFFFB . . . Contradiction

.



Another. Since f is bijection and see IR, then
F j suck that ffjj = n . But then jth digit
of se is different than jth digit of n .

Contradiction -

NR|u⇒7÷E .



Power sets .

#

• We can show that there is No bijection from
S to PCs) . ( similar diagonalization method)

• There are infinite levels of infinity . (N smallest) .

• This means the power set of any infinite set is
not countable .




