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Pigeonhole , not what you might think



the Pigeonhole principle
---

I will explain what pigeonhole is , but for now consider
the following problems
* Choose 51 numbers in { 1,2, . . . , too} . Prove that

2 of them must be consecutive Ca
, atD

* Place to points inside 3×3 Square . Prove that

z of them must be within a distance of Fe .

* Place the numbers 1,2, . . . , 10 in 3 bins
.

Show that the sum in one bin must be at least 19.



What's common among the above problems ?
-

• First
, they give you freedom in doing something

in any way you want .

• Then , they claim something will always happen
no matter how you do it .

When you sense this , think Pigeonhole !



Pigeonhole : Basic form
-

Given in boxes and htt objects , when we place
all objects in boxes , at least one box will

contain at least 2 objects .

o
O OO o

o
htt objects

LI LI LI . . . LI
--

n boxes

Proof by contradiction : let Xi = # objects in box i and
suppose Vi . Ni El . Then

.

ri £ It it . . . + I = n
-

i

contradiction !



Applications :
-

Given a 3×3 Square , place to points in it . Prove
that 2 of them are within a distance of VE

.

• First , think pigeonhole
• Second , set it up : where are the objects & boxes

- If 10 points are objects, we need 9 boxes
- Where do we see nine ?

AHA I team
.

inside box
-

= T2
.



Choose 51 numbers in { 1,2, . . .

,
too } .

Prove

2 of them must be consecutive ?

• Sounds like Pigeonhole .

• Need 50 boxes ?

The TA Tae . . . 17¥

Choosing a number ⇒ place a token in its box
.

51 tokens, so boxes ⇒ 1 box will contain

2 tokens . So two numbers will be consecutive
.



Generalization
-

Given n boxes and m objects placed in the boxes ,
at least one box will contain at least Lazy +1 objects .

Proof let Xi = # objects in box i and suppose
H i . ai s LMI) .

Then

Eti t IMII + LEI t . . . +LMI I = nLES
f n MIL = m - I . Contradiction

E3 :* mines;: ifeng.mn;en
"

{÷j÷÷average



Application : Place the numbers 1oz, . . . , 10 in 3 bins -

-

at least 4 numbers• Prove at least one bin contains .

Pigeonhole : he 3, m= 10 . FIT = flog) = 4

•
Prove at least one bin contains a sum of at least 19 .

Pigeonhole : n =3 , me I -12T . - - -110=55 . f I = 19

Scrambled Glock :

i

-

i:÷"
÷' ÷÷÷÷÷÷÷:

One box must contain
a sum of at least

(( tzt . . . + I2)147=20 .



•
Sometimes

, we
have to be "smart

"

about how to set up

the problem .

•
Here's an example : the numbers 1 to lo are written

down in some order
.
Show there are 3 consecutive numbers

that add up to at least 15 .

• • • I • • • I • • • I •
One of the 4 boxes must contain a sum of at least

FFI = ima .

Does not give us what we want ! ! !



Idea : 4 boxes too many .

Remove largest number , 10.

10

e¥. • • • Joo • ⑧ • ( • • •

One box must contain a sum of at least I 15 .

But what if it's the second box ?
- Not consecutive any more

- Replace last number in box by to
- Since 10 is largest, still works



Another example of being ' '

smart
"

in setting up the

pigeonhole .

Place 5 Points on surface of sphere .
Prove that 4 of

them lie in the same hemisphere .
• • a
• •

¢ Ii By Pigeonhole one

① § hemisphere must
contain fEff =3 points .

Does not give us what we want !



Idea : Choose the hemispheres .

÷÷÷•÷ it::there:*:: :&:::: ... .
•⑨

Among the 3 remaining points ,

Diego. hole{ One hemisphere will contain at
least fEf = 2 points .

Therefore, this hemisphere contains
4 points . Done .



An alternative way to look at Pigeonhole
Given n numbers X

, ,
Xz , - . . - , Xn such that

U
l + Nz -1 . • .

t k
n
= Me

Then F ni
. ni z Mz

"
one number must be at least the average

"

Ni : # objects in box i

n i ¥ boxes

me : # objects


