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Mathematical Induction
-

• Proof technique
• Proving some properties of integers .

e.g . V-nc-NV.PH

• In many cases we take = { 0, 1,2, 3, . . . }

Examples :
- n

-

Prove that ⇐ i = n% for all n c- IN .

- Prove that every positive integer n can be written as n=m2k
where m is odd

-
Prove that 1+3+5 + - - . + (2n - 1) = n

'

for all nz I
-

first n odd numbers



ttowtoprovebyinduction2.to
prove Pcn) is true F n> no (Typically no -_ 0)
-
Base case : Prove P(no) is true
-

-
Inductive step : Prove It KZ no . PCK)⇒ PCK-11)
-

In other words
, assume PCK) is true ( inductive hypothesis

and prove Pfk -11) is also true .

That's it !



Examp : Prove that §g2i = 2"" -1 for all nzo

Base case : Pco) : É2i= 2°
"

- I
- i=o

2° = 1 ✓

Inductive step : V-kzo.PH)⇒ PCK-11)
- k

PCKJ : I zi = 2kt
'

-1 ( Inductive hypothesis)
E-0

Pckti) : 2i= 2*+2-1
i=o

÷É2i = £2" + 2kt '
= 2kt

'

-1 +2kt
'

E-0
= 2.2kt

'
-1 = 2*+2-1 . Done-



Example 2 :

-

Prove 1%(1-1,1) = n -11 for all nzl
E- I

Basecas no -_ 1 . PG) : 1%(1-1,1)=1+1
It 1- = 2 ✓

Inductive step V-kzt.PK) ⇒ PCR -11)
-

PCK) : ÉT(+÷)= 1×+1 ( Inductive hypothesis)

pckti) : 1%(1-1,1)=(1++1)+1
in

1%-11+1-1=(1%11+1.1).lk#.)=(k+D( ' +¥)i⇒
= K-11-11 = K-12 ✓



Example3.TO
= 0

Tnt , = Tn TT

Ti= Toto = 01

Tz= Ti TT = 0110
Ts = TZTJ = 01101001

:

Prove Tn has 2
"

bits

V-nc-NVB-asecase.nl?CoJ
. To has 1 bit ✓

Inductnetep : H kzo .
PCRJ⇒ PCR -11J

PCR) : Tk has 2k bits ( Inductive hypothesis)
Pfk-11) : Tk+, has 2k

"
bits

Tk+i= Tktk which has 2×2 k = 2*+1 bit . Done .



Exauple4.- Prove that Tn starts with 01 for nzl .

Basecas PCD : T, starts with 01 . Cruel ✓

Inductive step : Hk> 1
.
PCK) ⇒ PCR -11)
-

PCKJ : I starts with 01 (Inductive step)

Posed : Then starts with 01

TK-ii-TKT-k.TK-1 ,
starts with Tk , so it starts with 01 .



Prove that Tn ends in 10 if n is even and in 01

if n is odd
, for all nz 1 .

Basecas Pcl) : T, ends in 01
.
True✓

Inductnestepi-V-kzl.PK)⇒ Pckti)
PCK) : TK ends in 10 if K is even

Try = TETI and in 01 if K is odd

• K-11 odd ⇒ K even ⇒ Tk ends in 10 ⇒ Fk ends in 01--7

Tke, ends in 01

• K-11 even ⇒ you do it .



Prove that n
>
- n is a multiple of 3V-nc-NVBasecasei-no-o.PE) : 03-0 = 3m True✓

Induct-ivestepi-V-kzo.PK)⇒ Pcr -11)
PCKJ : ks- k = 3m (Inductive hypothesis)
Plk-11 ) : (1++13-4+1) = 3m'

LK-1133-(1-1) = K
>
+3k
"

-13k -11 - K - I

= (ks- k) -1 344K)
= 3m + 3 (KKK)
= 3 (Mt K2+K) = 3m

/
.



What's wrong with this :

n2+n+VÉProve Éi=
a-

,
7 new

E- 1

per) : i
=
k4k+ (Inductive hypothesis)in 2

Pfk-11) : É?i = (k+D2_(k+D+V
F- i 2

i
= Éi+ (Ka) = k%kz+ + 2CI = (k+Ñ+¥D-Fi=i

? ? ? ÷



In> 2 .

n lines no two of which are// intersect in one point.
Base case : no --2 .

PG) : 2 lines not µ intersect in one point✓
-

Inductive step : tf k > 2 .
PCK )⇒ PCK-11)

-

Given K-11 lines oh , la, la, - . .lk, like , no two of which are // ,
consider the two sets of lines

• hit2) ls, - - - , lk-1 , lk-11 (no two are 11 )
•
h
,
la
,
ls
, - -

. . , la,, lk (no two are 11 )

Each set has K lines⇒ all lines in each set intersect
in one point , namely the intersection of her lz .

Therefore all kit lines go through that point ! ! ! !



Here's another of those :

For every n> 12 , n= 32 -17g where

xiyc-N.B-aease.no-_ 12
. P(12 ) : 12=3×4+7×0 ✓

Induchtestepi-V-kzk.PK)⇒ PCK-11)

PCK) : K = 3K -17g , my GAV

Pfk -11) : K-11 = 3rd -17g
'

, shy' c- N
K -11 -_ 3K-17g +1=32 -17g + 7-2✗3_

= 3Gt-2) +79+1)

Bear ?



Recitation: (simple induction)

•
Prove ?÷(2i - 1) = of for all nzo

n

•
Prove Iai = aa"÷ for all nzo (a -1-1)

5=0

• Prove that a 2%2" chessboard can be covered

by L-shaped timinos if one squared is removed
,

for all n> 1 .



chiiok overview of inductive steps for above -

K

(21^-1)=[(21^-1)+24+1] - I = Kt-14k -11) - I
•

F- I F- I = K2-12K + I = (K -142
k

• ÷Éai = Eai + a"
'

= a;÷ +
a
" '

= ak"-laI,ak+2_ak = ak+2a- I

•

|¥÷÷¥÷÷☐÷-square removed


