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Number Theory
→

We focus on the positive integers .

Divisibility : Definition & Notation
-

i. a divides b e.g . 6 divides 18

2. a is a divisor of b

3
.
b is a multiple of a e.g 18 is multiple of 6

F M E Z .
b = ma 18 = 3.6

=

4. a l b (notation)

If a does NOT divide b
,
we can write a Kb .



We can always write (uniquely )
-b=
aq + r

where of r sa

q : quotient

r : remainder , re fo, 1,2, . . . , a
- I } (r=o⇐> a lb)

Proof of uniqueness :

suppose b= aq , + ri ⇒ ri - b - ay ,

b= agztrz ⇒ the b - ay,

9,492 and ri > ra . Then T - rz = (b - aq ) - ( b - age)
so r, - rz = a (92 - 9 ,)

since 0£ ri- re sa , then 0592-9
,
s 1
,
contradiction

.



One interesting notion is a common divisor
-

d is common divisor of a and b 6/30

dla n dlb 6118

Given b= agt r (Otra) 30=18/11+12murmur

win

rd la n d l b ⇐ dla and dlr
61,2

Proof : . dla n d l b ⇒ b= med n a-_ nd ⇒

r= b -
ag
= md - nd g =

d. (m - ng ) = dm
'

so d l r .

•
d la n d Ir ⇒ a- md n r- nd ⇒

b= agt r= mdg + nd = dcmgtn) - dm
'

so d l b



This idea is behind one of the earliest algorithms

in History , the Greatest common Divisor algorithm

due to Euclid .

First
,
observe that the greatest common divisor is a well

defined concept @hy) ? :

1) Any two integers share at least one divisor : I

2) A divisor of a number K, cannot be greater than X .

So the greatest common divisor exists .



Example : 300 and 18

Divisors of 300 :

-

{ I , 2 , 3 , 4 , 5, 6 , 10, 12 , 15, 20, 25, 30, 50 , 60, 75, 100, 150 , 300}

Divisors of 18

{ 1,2 , 3 , 6 , 9 , 18}

god (300, 18) = 6

Not a practical approach !
Too much time to find all divisors .



Another idea : Factoring into primes

300 = 22 . 3
.

52

18 = 2 . 32.50

For each prime factor, pick the smaller power :

god (300,18) = 2
'

.
3
'

.
5.
°

= 6

Side remark : What happens if we pick for each prime factor
the largest power ?
22

.
32

.

52 = 900

This is the least common multiple lem .

Observation : god (a , b) x l.com Ca , b) = ax b .

Also not a practical approach n

. Factoring into primes not easy !



Euclid 's algorithm :

-

Construct a sequence

Ao A
, Az . . . Ai

- z
Ain

, Ai - - - AK Akey
300-18 0

where Ai
- z

= ai
- iq + Ai
i- I in

remainder of Ai-Yai- i

Then aka god Cao,a .)

Ao di§
300=18616) -112W

Example : 300 18 12 6 0 remainder
-

p

god(300,18) = god (18,12)= god (12,6g)
since 6/12



100 39 22 17 5 2 It
o

100 439 339,6
-78 2

22
I

④
Do Long division '

22147 Y17

⑤ TO

Eat It
⑥



Why is this good ? It's efficient ( Fast)

Ao a
. az . . . ai

- z
ai
- , ai - - - an axe , (decreasing)
-

O

where Ai
- z

= ai
- i g t ai
i- i in

remainder of Ai-Yai- i

Ai- z z ai- i + ai ( 9in
,
> l) Fn = Fn

-i t Fn -z

a us
.F

Ak z I 5-2=1

Fz Fz . . . Fk+z ( Kt I terms)
N N A

AK Ak-I . . . Ao

Ao > Fetz x#
k-12

⇒ K is logarithmic in a .



The extended Euclidean alg .

-

AA AA , Az . . . Ai
- z

Ain
, Qi - - - AK Akey

O

First
,
a claim :

9i= •• Xi + a. Li Xi ,y , t
k (not unique)

Every number in the sequence is a linear combination of aoanda ,

Example : 300 18 12 6 O

- -

Ao al Euclidean alg .

so

:÷÷÷÷:÷÷i. :i6 = ao ft) t a , . 17

O = a. (3) + a , f- 50)



• Before we prove claims and find Xi ,y ; , what's in this ?

• Well
, god is one integer in the sequence

.
So we can write

tabs Crzo
how ?

How : ar - bs = a (rt b) - b (Sta)

• Why is this useful ? ( Later)



Proof that a ;= do Xi + a , y ; for all ai is seq .

Base case : do = doIt 9.0 ✓
-

a , = a:O + a.I ✓

Inductvehypothesisr 'Assume for a fixed i > I,

Aj = Ao Xj + a,Yj for all Qsjsi

Inductive hypothesis : Consider a
-

'

+ I

Ait , = ai
- i
- 9i9,

= do Xi-it aye, - 9; (aoxitaiyi)
= do [ ki-i - giri ] + a. fyi - 9iy;]
- -

Kit, Yi + I



Ni = ki-2 - 9h
,

Xi
- t

q
, ,=
di-z

Yi = Yi-z - 9h , Ya ,
ai- I

Aodi.o.ai-zai.io#9cd(ao,ai) O

X l O Xi- z Xi- l B
Y O l

.

Yi-z Yi
- i f

•



Example :

-

3001812€

'

o

°

, -

is -30

god ( 300,18) = 300C- 1) +1847)

= 300ft) - 18£17)

= 300Gt -118) - 18 (-171-300)
hmm hmmm

= 30047) - 181283)

70 30


