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Not Just Geometry !

- 325 - 270 B.c
.

god ( A , b) = ar - b s



Example :

-

300 18 12 G O

-16 17 -50

god ( 300,18) = 300C- 1) +1847)

= 300ft) - 18617) ( Gr- bas)

= 300Gt -118) - 184171-300)
hmmm hmmm

= 30047) - 181283)

70 30



Application of Euclidean Aig .

-

check if numbers are coprime
(They have only 1 common divisor , they share no prime factors)

Duefiyiutinon : aandbareco-primesegcdca.is#I
We can conclude that (Extended Euclidean alg .)
a & b are co -primes ⇒ god (a , b) = I

⇒ F r, s> o .
ar- bs = 1

The reverse direction also true
. Assume d la n d l b

ar- bs= I⇒ mdr- nd s = I ⇒ d Cmr- ns) = I ⇒ D= I
a- T



A. & b co-primes

Definition

ar- bs - I gcdcaib) - 1

Euclidean Alg .



All these statement are equivalent
F-

-
A & b are co-primes

-
a & b have only one common divisor ( it's 1)

- a & b share no prime factors

- god Ca , b) = 1

- F r
, s zo .

ar- bs = 1
.

-
Also , we say a & b are relatively prime .



Prime numbers
-

Definition : A prime number p is an integer such that
run -

- p > 2

-
d l p ⇒ (del v d=p )

In English , p is divisible by (a multiple of ) only 1 and p .

If a number ¥1 is not prime , it's called composite

Two facts :

[ prime factorization]

Every number > o can be expressed as a product of primes

[ Fundamental theorem of arithmetic] {%fo↳JMPrime factorization is UNIQUE
-



Some nice properties of primes : ( below p is prime)

• pl ab ⇒ (Pla v pl b)

proof : pl ab ⇒ ab = mp ( ab is a multiple of p)

factor a ,
b
,
and me into primes . Since ab and mp

are the same number
, and prime factorization is unique

p must appear on the left as one of the factors .
So

p is a factor of a or a factor of b (or both )

Note : the statement is not true if p is not prime .

10 I 4×5 but 1044 n 1045 .



• p f b n p Ha ⇒ p I b- (if b- is integer)
a a

let k
=
K

. Then b = at ⇒ mp = at
a -

b

Using the uniqueness , p must be one of the prime

factors of AK , so

plate ⇒ (pla v pl k)
But pya . Therefore p Ik .

Also not necessarily true if p is not prime .

e.g . 4/12 n 446 , but 443=2



Conclusion : P is prime , then

- if p divides a product , it must divide one

of the factors

- if p divides the numerator , but not the denominator,

it must divide the ratio .

- other properties can be found in the notes



Equivalence Relation
-

Consider a set S and a relation R on Sxs

We will use the notation = when talking about
"

equivalence
"

AE b to mean (a, b) E R .

R is an equivalence relation on S means :
-

Reflexive : a-=a ( a , a) E R

Symmetric : a=b ⇒ be a la . b) ER ⇒ Lb , a) E R

Transitive : @⇐ b n b=-D ⇒ a⇒ a d@iY5eRrfa.c,
C-R

Example :
'

=
' is an equivalence relation on IR



An equivalence relation on S partitions S into sets

called classes of equivalence .

-

Easiest:*:3 s

= { NES : @ ix) ER }

Example : S = {a ,
b
,
c
,
d }

R= { (a. a) , HD , 44 , Cd, d) , Ca, b) , 4,4 , Ca , c), ( b, a) , Gb) , @ a) }

Ca = { a , b , c } Cb = { b, a, c} Co -- { a , a, b } Cd = { d}

×
Two classes of equivalence



In general :
-

U ca = S (obvious , fats . at Ca since Aea)
AES

Can Cb # 0 ⇒ Ca - Cb

proofi Assume Can Cb # 0

ca#Cb ceca⇒ a e

e C- Cb ⇒ bze

NE Ca ⇒ a ⇒ n b -=e f⇒ been ⇒ RE Cb- fs een -a -=e ⇒ EE a - K
-

transitive transitive
symmetric

so Cao Cb . Similarly Cbc Ca - therefore Ca - Cb



Congruence
-

Notation : aEb (mod n ) e.g . 7=22 fund 5)
#

• a & b have the same remainder

in the division by n

• n I a - b (a - b is a multiple of n)
-

could be negative, it's ok .

•
We say

"
a is congruent to b modulo n

"

congruence is an equivalence relation . [ from definition ]
A zA

AE b ⇒ b =a

@ ⇐ b n be c) ⇒ AEC



Example : A-7 , and the set 2 .
7 Equivalence classes

{ . .
.

,
-21
,
-14
,
-7
,
O
, 7, 14 , 21, . .

- }

{ . . .

,
-20
,
-13 , -6 ,

I
, 8, 15 , 22, . . - }

{ . . . , -19 ,
-12
,
-5
,
2
,
9
,
16
,
23
, .

. . }

{ . . .

,
-18
,
-11
,
-4 ,

3
, 10,17, 24, - . .}

{ . . . , -17, -10 , -3 , 4, 11, 18, 25, n - - 3

{ . . ., -16 , -9 , -2 , 5, 12 , 19, 26, - - - 3

{ . . . , -15, -8 , -1 , 6, 13, 20,27 , . . .}

Every number is equivalent to 0
,
I
,
2
,
3
, 4,
5
,
or 6 .



• Imagine a
"
new world

"

of numbers where all numbers

are { 91,213,4, 5,6}

•
Not very imaginary ! days of the week .

3+12 E I Cmod 7) (15 is 1)
Wed + 12 days = Monday 12=5 quod 7)

=
"
behaves like

"
=

3+12=-3+5 =L
in

8


