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Testing for primes :
-

Fermat's little theorem .

-

If p is prime and p Ha ,
then

am = 1 (mod p)

proof: god ( a , p) =L , so axl, ax 2, ax} - - -y ax -D

are all distinct modulo p



(
O l 2 3 4 5 6

7×3
0=3

.

↳ O 3 6 I 4 7 2 5

gcd(3,81=1 ⇒ 3N # 3. y fmod 8)

3N are all different ⇒ permutation .



So x@2) x . . - x @xp -D) E Ix 2x - - -xD - 1) mod p

am HD ! = LPD ! mod p

p X R-D ! [ otherwise p must divide one of the

factors { 112 , - - -

g p-B]

so LPI ! has an inverse mod p

a
"
ED ! # t

- '
⇒¥ ! 1¥ I mod p
-

=L

a
P- I
⇒ I mod p



Example : pre B is prime .

let a= 8 .

13+8 god ( 8 , B) = I
hmmmm

QB
"

⇒ (mod 13)
812=-1 (mod 13)



In fact , we can strengthen the theorem :

npsime⇔V-a<n.a""=1(modn#*f- EH

⇒ : n prime . a < n ⇒ nta . Therefore a
" -1=-1 Cmodn)

⇐ : consider the contrapositive
n composite ⇒ I a<n.am/=-1(modn)

n composite ⇒ n = a. b for some 14 a < n

an
- '

= lfmodn) ⇒ a
""

-1=0 lmod a) ⇒ n / a
"'
- I

⇒ a 1 am
'

-1

But a / a
" -1

, so a / a"
'
- (a"

"
- 1)⇒ a / 1 , contradiction .



Fermat's Test . (Don 't test all acn , just few random ones)
-

repeat too times

pick a random a E { I, . . . - , n - I }

if a
" - '

¥1 (mod n)
then return NO (composite) ( tool. sure)

return YES ( prime) ← ( not sure)

This could have a false positive (saying his prime
while it's not) .



Assume Z such that
some numbers

Mudie don't satisfy this !
•
a
""

# I finned n) (but very rare)

n- I

bet fmodn) ⇒ @b)
"

I an- ' b" - ' = a
""

# l (mod ng

god Cam) - I ⇒ ab# ac when beta .

So for every
b that passes the test , ab mod n

fails. the test . There are at least as many failures
as successes .

So prob .
error is f Iz .

Repeat 100 times :⇒ Prob . of error f ÷oo a o



Two problems .-

1) a
" - '

is too big
2) an

- '

requires n multiplications .

To solve 1) compute everything moduloin

Example : n -- 30 a- 2

230
- I

=
229 ( an

- t )

I→ 2→ 4→ 8 → 16→ 32=2 → 4→ 8→ . . .

-
29 times



To solve 2) use repeatedsguas.in#

229*2%2 " 2¥ ' '¥ ¥
'

combine the two solutions :
-

¥. . "

¥
'

I.÷ . "
¥

23
" '

= 2 (mod 30) [30 is not prime]


