This paper appeared in 1991 in Applied Intelligence, 1 (1): 7-33.Knowledge Representation for Mathematical DiscoveryThree Experiments in Graph TheorySusan L. Epstein and N.S. Sridharan

Knowledge Representation for Mathematical Discovery Page

Affiliation of AuthorsEpstein: Department of Computer Science, Hunter College of the City University of New York,695 Park Avenue, New York, NY 10021.Sridharan: Corporate Technology Center, FMC Corp., 1205 Coleman Avenue, Santa Clara, CA95052Financial SupportThis research was supported in part by NSF grant #DCR-8514395.Knowledge Representation for Mathematical Discovery Page

AbstractThis paper describes the nature of mathematical discovery (including concept definition andexploration, example generation, and theorem conjecture and proof), and considers how such anintelligent process can be simulated by a machine. Although the material is drawn primarily fromgraph theory, the results are immediately relevant to research in mathematical discovery andlearning. The thought experiment, a protocol paradigm for the empirical study of mathematical discovery,highlights behavioral objectives for machine simulation. This thought experiment provides aninsightful account of the discovery process, motivates a framework for describing mathematicalknowledge in terms of object classes, and is a rich source of advice on the design of a system toperform discovery in graph theory. The evaluation criteria for a discovery system, it is argued, mustinclude both a set of behavior to display (behavioral objectives) and a target set of facts to bediscovered (factual knowledge).Cues from the thought experiment are used to formulate two hierarchies of representationallanguages for graph theory. The first hierarchy is based on the superficial terminology andknowledge of the thought experiment. Generated by formal grammars with set-theoretic semantics,this eminently reasonable approach ultimately fails to meet the factual knowledge criteria. Thesecond hierarchy uses declarative expressions, each of which has a semantic interpretation as astylized, recursive algorithm that defines a class by generating it correctly and completely. A simpleversion of one such representation is validated by a successful, implemented system called GraphTheorist (GT) for mathematical research in graph theory. GT generates correct examples, definesand explores new graph theory properties, and conjectures and proves theorems.Several themes run through this paper. The first is the dual goals, behavioral objectives andfactual knowledge to be discovered, and the multiplicity of their demands on a discovery system.The second theme is the central role of object classes to knowledge representation. The third is theincreased power and flexibility of a constructive (generator) definition over the more traditionalpredicate (tester) definition. The final theme is the importance of examples and recursion inmathematical knowledge. The results provide important guidance for further research in thesimulation of mathematical discovery.Knowledge Representation for Mathematical Discovery Page

Table of Contents1. A Thought Experiment1.1 Example Generation1.2 Explaining Non-Examples1.3 Explaining Examples1.4 Analysis2. A Framework for Looking at Mathematics3. Language and the Discovery Domain4. The Construction of a Language for Graph Properties5. A Grammatical Hierarchy of Edge-Set Languages6. The Recursive Languages6.1 Origin and Rationale6.2 Definitions6.3 Relevant Issues6.4 Applications for the R-language Representation7. Discussion of Results7.1 GT and the Thought Experiment7.2 Lessons for Mathematical DiscoveryBibliographyKnowledge Representation for Mathematical Discovery Page

Knowledge Representation for Mathematical Discovery:Three Experiments in Graph TheoryAs an ill-structured problem, discovery is potentially the most difficult subfield of machinelearning. Successful discovery requires the representation and manipulation of quantities ofinformation, the efficient storage and retrieval of that information, and a processing strategy thatfocuses upon relevant segments of that information and pursues it with resources appropriate to theinformation’s significance. This paper explores the origin and nature of knowledge representation tosupport the efficient simulation of mathematical research.A system, be it human or machine, that performs discovery in mathematics is confronted with arich and varied body of knowledge. There are definitions, examples, theorems, algorithms,conjectures, and proofs, all linked together in an intricate structure. Search through so rich astructure, however, is likely to be combinatorially explosive. A successful discovery system musttherefore represent information in a way that minimizes irrelevancies and intuits fruitful avenues ofexploration during search.The mathematical discovery systems of Epstein, Gelernter, and Lenat, each succeed because theirrepresentations curtail search. The Graph Theorist, GT [8], uses a set of powerful representationlanguages for object classes to support mathematical research in graph theory. GT generatesexamples, defines and explores new concepts, and conjectures and proves theorems. Gelernter’sGeometry Theorem Proving Machine [10] uses a diagram of the most general case of thehypotheses to guide its search for proofs of theorems in rectilinear plane geometry. Lenat’s AM[14] uses generated examples of mathematical concepts beginning with set theory and reasonsinductively from frame representations for them.There are certain basic expectations for knowledge representation in a discovery system: therepresentation must express the information (factual knowledge) people discover, and it must do soin a way which is flexible enough to imitate the broad spectrum of knowledge processes (behavioralobjectives) observed in people as they do discovery. These are very different kinds of criteria.Behavioral objectives are known to the system designer in advance, and only an implementation candemonstrate their achievement. On the other hand, factual knowledge to be discovered is not fullydisclosed in advance, and yet the discovery system’s knowledge representation must betheoretically able to express it.This paper proposes, examines, and evaluates three experiments in knowledge representation andmathematical discovery. Although the experiments are all in the subdomain of graph theory, theirresults are relevant to the more general problems of mathematical discovery. The first is a thoughtexperiment, an extended example, constructed (abstracted) from human protocols of discoverysessions in graph theory. Many AI systems have behavioral objectives defined by introspection,principally that of their authors. Several systems, intended to provide cognitive modeling, useformal methods of protocol collection. We have combined aspects of both in our paradigm ofthought experiments. We had several subjects attempt discovery and record the trace of theirKnowledge Representation for Mathematical Discovery Page thinking, and took as the objective for our system a composite of the several phenomena observedin that trace. Analysis and interpretation of these protocols compiles a broad range of mathematicalbehavioral objectives to replicate, and a variety of clues on how knowledge can be represented tomake those behaviors accessible to computation. The second and third experiments use those cluesto formulate and then evaluate hierarchies of representational languages designed to supportdiscovery in graph theory. The last two experiments are held to the discovery criteria describedabove: behavioral objectives and factual knowledge.The thought experiment serves to direct our inquiry about discovery systems in graph theory. Ithighlights the declarative and procedural knowledge required, and motivates our subsequentdevelopment of mathematics as the study of large object classes and relations among them. Specificexamples and constructional derivation are also important in the discovery process. In our quest forrepresentations that incorporate all of these features, the second and third experiments were run.The second experiment is a reasonable supposition, with a traditional AI approach to definitions astesting algorithms. It fails to meet the criterion of factual knowledge, because it is unable to expressall the properties of interest. The third experiment is a more elaborate recursive approach withdefinitions that are generating algorithms based on examples. Its implementation, GT, hassucceeded in modeling much of the mathematical discovery we saw in the paradigm.A brief guide through the paper follows. The thought experiment appears, as a trace withcommentary and discussion, in the first section. The second section, based on observations fromthe first, formulates an original approach to mathematical knowledge that focuses on classes ofobjects. The third section discusses some issues in the relations between a knowledgerepresentation language and its domain. The second experiment is described in Sections 4 and 5.Section 4 begins with the definition of the target set of factual knowledge for research in graphtheory. Because the thought experiment repeatedly references edges, Section 4 constructs a formal(edge-set) language to support discovery in graph theory. This language describes graphs by set-theoretic relations on their edge sets. To address the important problems of expressive power andextensibility, a hierarchy of representation languages is useful. From the language of Section 4,Section 5 constructs a hierarchy of edge-set languages and evaluates them. The third experiment, inSection 6, takes additional cues from the thought experiment to construct a second hierarchy oflanguages (the R-languages) to support discovery in graph theory. The success of one R-language,used in the implementation of GT, is summarized in Section 6. Finally, Section 7 recapitulates thepaper’s results, evaluates them against the discovery criteria, compares related work, and extractslessons to be learned for the larger domain of mathematical discovery.1. A Thought ExperimentSince the mathematical discovery process is not only ill-structured, but also ill-defined, thissection provides an extended example of the intelligent behavior(s) to be simulated by a mechanisticmathematician. This thought experiment poses a topic for exploration to a student, and describes theresults in detail. As a recorded instance of mathematical discovery, it also proves to be a rich sourceKnowledge Representation for Mathematical Discovery Page of ideas about how to achieve those goals.The discoverer in the thought experiment is a hypothetical student mathematician, one familiarwith mathematical notation and proof procedures, and acquainted with rudimentary set theory andcertain simple properties of graphs. The topic of exploration is a relatively simple, well-definedproperty in graph theory, one totally unfamiliar to the student. The trace [25] of the studentinvestigating the topic is actually a composite of several students’ (S. Epstein, E. Schnabel, andN.S. Sridharan) exploratory sessions, abstracted and somewhat polished for coherence. The traceitself is divided into three episodes; they appear in Figures 2, 3, and 4. The key definitions,intended to provide focus and support for the student (and perhaps refresh the memory of thereader) appear with the problem in Figure 1.As you read the trace, and the interpretation of it that follows, consider the following questions:¥ What conditions might be necessary for an AI system to discover mathematical knowledge?¥ What role do examples play?¥ What kind of tasks arise?¥ What heuristics appear to guide discovery?Knowledge Representation for Mathematical Discovery Page

Agraph G is an ordered pair <V,E>, where V is an arbitrary, non-empty finite set and Eis any subset of the Cartesian product V · V. The elements of V are called the vertices of G, and the elements of E are called the edges of G. If x ˛ V but there is no edge (x,y)or (y,x) in E, x is said to be isolated. The reverse of an edge (x,y) is defined to bethe edge (y,x).A graph G = <V,E> is undirected when an edge is in E if and only its reverse is in E; otherwise the graph is directed. In an undirected graph, the degree of a vertex v is d(v)=œ{(x,y)œ x „ y, x = v}œ, the number of other vertices with which it shares an edge.Let œ Vœ = n, œ Eœ = m, In = {1,2,�,n}, and An = {(x,y) œ x „ y, x,y ˛ In}.The empty graph On is <In,¿>. The empty graph has n vertices and no edges.

O1O3O7The complete graph Kn is <In,An>. The complete graph has n vertices and all possible unordered edges between distinct vertices. max(œ Eœ ) = œ Anœ = n (n -1)/2.

K14KK6

Figure 1: The Problem and its Background (Part 1)Knowledge Representation for Mathematical Discovery Page

A path x,xv1,v1,v1v2,�, vk,vky (abbreviated as <x,v1,�,vk,y> or simply <x,y>) in a graph G = <V,E> is an alternating sequence of distinct vertices in V and edges in E thatbegins with x and ends with y. A graph G = <V,E> is connected if and only if forevery distinct pair of vertices x and y there exists a path between them; otherwise agraph is disconnected.v1

v2v3v4v5v61A path from v to v 16Two graphs G1 = <V1,E1> and G2 = <V2,E2> are isomorphic (G1 ~ G2) if and only if there exists a one-to-one, onto mapping f from V1 to V2 such that (f(x),f(y)) ˛ E2 if and only if (x,y) ˛ E1. Isomorphism may be used to place the set of all graphs on n vertices into equivalence classes. Then Un is the set of all graphs on n vertices that aredistinct up to isomorphism and the set of all graphs isU = ¥Un = 0 UnFor convenience, each member of U will be represented by a single graph and referredto as such. Isomorphism preserves a number of topological properties of graphs, including number of connected components, degree sequence, and planarity.

1243512345A pair of graphs with verticeslabeled to show isomorphismEach graph G = <V,E> has associated with it a complement, a graph GC = <V,EC> on the same vertices, whose edge set EC is the complement of E with respect to all possible edges between distinct vertices in V, i.e., for œ Vœ = n, EC = En - E.The Problem: A graph G is said to be self-complementary if and only if G ~ GC. Investigate the existence and characteristics of undirected self-complementary graphs.Figure 1: The Problem and its Background (Part 2)Knowledge Representation for Mathematical Discovery Page

1.1 Episode 1: Example GenerationThis section is to be read in conjunction with Figure 2. To discover interesting and usefulproperties of self-complementary graphs it is necessary first to find some. The first episode istherefore a search for examples of the property. Mathematicians know that extreme cases are often more efficiently represented and manipulatedthan randomly generated objects. An extreme is measured in terms of some metric; the mostobvious metric on a graph is n, the number of its vertices. Since a finite graph may have any finitenumber of vertices, the only extreme case is n = 1. Thus the search begins with the only graph onone vertex, and Discovery 1 comes at the examination of the very first graph.As a mathematician, the student presumably has a predilection for induction, which begins withan extreme case and reasons about its relation to subsequent examples. Hence, additional examplesare necessary. Discovery 2 is the result of exhaustive search, i.e., both of the non-isomorphicgraphs on two vertices and the 4 graphs on three vertices were tested. Despite this failure,exploration continues, because one example has been found and the searcher’s resources are not yetexhausted.Discovery 3, of a second self-complementary graph, reinforces the impetus to seek additionalexamples. (By this point it may be difficult to generate the graphs methodically; [11] recommendsPolya’s formula and Riordan’s algorithms.) After Discovery 4 there is more than one self-complementary graph, but finding the second required examining 11 additional graphs, many morethan finding the first did. The student wonders how rare self-complementary graphs are, andwhether there is ever more than one for the same n value. Discoveries 5 and 6, the existence of twoself-complementary graphs among the 34 on five vertices, resolve these questions. During the firstepisode, four self-complementary graphs have been discovered among 52 distinct graphs. Therejected 48 graphs form a broad set of examples of "not-self-complementary."Rather than continue to generate more examples, the student turns to explain the relative sparsityof the example graphs. In the next two episodes, the discovery mechanism makes observations andinductive generalizations, forms conjectures based on examples, and verifies some of thoseconjectures.Knowledge Representation for Mathematical Discovery Page

Heuristic: Begin the investigation by constructing examples (to show the existence of self-complementary graphs). Heuristic: One place to start is to try extreme cases.Discovery 1: O1, the empty graph on one vertex, is self-complementary.Heuristic: Try the next higher cases.Discovery 2: No graph on 2 or 3 vertices is self-complementary.Discovery 3: One graph SC4 with n = 4 is self-complementary.

SC4SC4C

Discovery 4: The remaining graphs with n = 4 are not self-complementary.Discovery 5: Two graphs SC5a and SC5b with n = 5 are self-complementary.

SC5 a

SC5 b

SC5 b CC

Discovery 6: The remaining graphs with n = 5 are not self-complementary.Figure 2: Episode 1 - Example Generation1.2 Episode 2: Explaining Non-ExamplesThis section is to be read in conjunction with Figure 3. Ostensibly, the second episode seeksgeneral criteria for the existence of self-complementary graphs by exploring the nature of graphsthat are not self-complementary, but underlying the episode is interest in the construction of self-complementary graphs.The definition of self-complementary in Figure 1 is a tester, a predicate that determines whether aninput example meets or fails its criteria. A generator for a set is an input-free automaton that, oncestarted, produces the set. A generator for a set is said to be correct if and only if every graph outputby the generator is in the set. A generator for a set is said to be complete if and only if for eachobject in the set there exists a finite sequence of iterations of the generator whose final output is thatobject. A generator defines a set if and only if it is both correct and complete with respect toKnowledge Representation for Mathematical Discovery Page

Heuristic: Explain Discovery 2, i.e., why there are no self-complementary graphs on 2 or 3 vertices.Heuristic: Seek explanation in terms of n.Fact: max(œ Eœ ) = n(n-1)/2Fact: max(œ Eœ ) = 1 for n = 2Fact: max(œ Eœ ) = 3 for n = 3Explanation: If G is self-complementary, œ Eœ = œ ECœ because G ~ GC and œ E œ+œ ECœ = max(œ Eœ ) by definition of "complement." Thus max(œ Eœ ) must be even.Discovery 7: Generalization of Discovery 2: No graph on any number of vertices is self-complementary if max(œ Eœ ) is odd.Heuristic: Assimilate this to assist in the search for new examples.Discovery 8: Since œ Eœ +œ ECœ = max(œ Eœ ) and max(œ Eœ ) = n(n-1)/2,œ Eœ = n(n-1)/4.Discovery 9: For G to be self-complementary, n must be congruent to 0 or to 1, modulo 4. Thusm

= n (n -1)2 and n mod 4 = 0 or 1Heuristic: Explain Discovery 4, i.e., why the remaining graphs on n = 4 are not self-complementary.Heuristic: Consider the degrees of the vertices.Discovery 10: A vertex of degree 0 in G becomes a vertex of degree n -1 in GC. A vertex of degree n -1 in G becomes a vertex of degree 0 in GC. In general, a vertex ofdegree k -1 in G becomes a vertex of degree n-k in GC.Fact: A graph with a vertex of degree n -1 is connected. A graph with a vertex of degree 0 is disconnected.Fact: If G is self-complementary, then G and GC are both connected or both disconnected.Discovery 11: If G is self-complementary, then G has no vertex of degree 0 or degree n -1.Figure 3: Episode 2 - Explaining Non-Examples (Part 1)Knowledge Representation for Mathematical Discovery Page

Heuristic: Generalize using explanation.Conjecture: If G is self-complementary, then G is connected.Proof: Let G = <V,E> be disconnected, and let x,y be in V. If x and y are in different connected components of G, x and y are connected in GC by the path <x,y>. If x and y are in the same connected component of G, for any vertex z in a different component of G, x and y are connected in GC by the path <x,z,y>. Thus if Gis disconnected, then GC is connected and G cannot be self-complementary. Therefore Gis connected.Figure 3: Episode 2 - Explaining Non-Examples (Part 2)that set. During the first episode, the only ways the student could find self-complementary graphswas to construct and test all non-isomorphic graphs in order of increasing n. The research in thesecond episode repeatedly refines a new definition, a generator.Episode 2 begins by trying to explain the "smallest" instance of failure, Discovery 2. Because thediscovery is phrased in terms of n, an obvious guess is try to find an explanation in terms of n.Since the focus of attention (Figure 1) includes the formula for max(œEœ), the student computes itfor n = 2 and n = 3, and notes that both values are odd. The computation of EC in the definition ofself-complementary suggests that Discovery 2 is an instance of a more general pattern, andgeneralizes it to Discovery 7. The generator for self-complementary graphs should thus avoidgraphs for which n(n-1)/2 is odd, and skip all the graphs on 2 or 3 vertices entirely. Discovery 8narrows this even further for graphs on n vertices; it considers only those with m = n (n -1)/4.Discovery 9 negates the characterization of non-self-complementary graphs to characterize partiallythe set of self-complementary graphs. A generator for such graphs would now only consider valuesfor n in {1,4,5,8,9,12,13,�} with m = n (n -1)/4.

Figure 4 : Non-isomorphic Graphs on 4 Vertices with 3 EdgesThe student now considers why, among the 11 non-isomorphic graphs on 4 vertices, only one isself-complementary. Discoveries 7 and 8 offer a partial explanation: for any graph on four vertices,there are at most 6 edges, and so only graphs with three edges should be tested. There are 3 non-isomorphic graphs with 4 vertices and 3 edges, shown in Figure 4. Since all these graphs have theKnowledge Representation for Mathematical Discovery Page same n and m values, the reason that they are self-complementary must involve some additionalaspect of their structure. As a common graph descriptor, and one of the earliest definitions in Figure1, the degree of the vertices is a reasonable candidate.In Discovery 10, the definition of self-complementary (specifically, the reference to the concept ofisomorphism) guides the search. The student considers the effect of isomorphism on the degree of avertex, first for the extreme cases (0 and n -1), then in the general case. Since connectedness anddisconnectedness are preserved under isomorphism, G and GC are either both connected or bothdisconnected. The vertex degree observations in Discovery 10 are used to link connectedness withself-complementary graphs and produce Discovery 11. The generator for self-complementarygraphs is restricted to graphs without vertices of degree 0 or n -1. (In a search for self-complementary graphs, this criterion alone eliminates 8 of the 11 graphs on four vertices and 21 ofthe 34 on five vertices.)The link with connectedness now motivates a reexamination of the discovered examples. Thusfar, all the discovered self-complementary graphs are connected, and every non-self-complementarygraph on four vertices had at least one vertex of degree 0 or of degree n -1. The student generalizesthese observations into a conjecture that all self-complementary graphs are connected graphs. Theproof is actually of the contrapositive of the conjecture, which the student knows to be logicallyequivalent. A generator for self-complementary graphs should thus consider only connected graphs.The actual discovery process is abbreviated here. One of the explored avenues went further intothe degrees of the vertices. It discovered that for every self-complementary graph, the number ofvertices of degree i +1 must be equal to the number of vertices of degree n-i. The stronger result,discovered and proved, was "Let the degree sequence of a graph be a vector di representing thenumber of vertices of degree i, for values of i ranging from 0 to n -1. This sequence must be apalindrome."1.3 Episode 3: Explaining ExamplesThis section is to be read in conjunction with Figure 5. The second episode was able, whilecharacterizing non-examples, to identify necessary, if not sufficient, properties of self-complementary graphs. The third episode attempts to detect and explain relations among examples,and to characterize them.The directive to view self-complementary graphs as composed of other self-complementarygraphs is directly attributable to a heuristic called constructional derivation, one which can beobserved extensively in mathematics. Rather than a creative jump, Discovery 12 is simply amethodical application of this heuristic well-known to mathematicians. The observation is thengeneralized into a conjecture in a single hopeful leap.To support this guess, its origin is exploited by mimicking its apparent construction: to construct alarger graph, one of the components is replaced with a larger self-complementary graph. Such agood, easily-found technique for constructing self-complementary graphs suggests that there areprobably others, with similar proofs. A further, unfruitful search for construction techniques isKnowledge Representation for Mathematical Discovery Page

Heuristic: Find some similarity between examples SC5a and SC5b.Heuristic: View the graphs as a composition of subgraphs. Both SC5a and SC5b can be viewed as SC1 + SC4:

SC5 a

SC5 b

Discovery 12: Each component of SC5a and SC5b in the decomposition is self-complementary.Conjecture: Each self-complementary graph with n > 4 is composed of two self-complementary subgraphs.Heuristic: Generalize the construction in the decomposition.Construction: Replace the trivial self-complementary graph O1 with any self-complementary graph G’. Combine G’ with SC4. Connect each vertex of degree 2 inSC4 with every vertex of G’, creating a new graph G.

SC4G’Claim: G is self-complementary.Proof: Consider a pair of vertices x,y with x in G’ and y in SC4. Let u’ be an isomorphism map of G’ = <V’,E’> to G’C = <V’,E’C>. Extend u’ to u with an isomorphism map of SC4 to SC4. If (x,y) ˛ E then (u(x),u(y)) ˛ EC and vice versa. Thus u is an isomorphism from G to GC, and G is self-complementary.Construction: Replace the trivial self-complementary graph O1 with any self-complementary graph G’. Combine G’ with SC4. Connect each vertex of degree 1 inSC4 with every vertex of G’, creating a new graph G.

SC4G’Proof: Similar to the above.Heuristic: Conjecture construction method is complete.Conjecture: For any self-complementary graph G, there is a G’ with 4 fewer vertices such that G’ +SC4 results in G.End of TraceFigure 5: Episode 3 - Explaining Examplesomitted here, but it results in the final conjecture, an assertion that the generation processdelineated during these episodes is both correct and complete. In this third and final episode, theKnowledge Representation for Mathematical Discovery Page

attempt to explain examples has resulted in a tentative characterization of all self-complementarygraphs.1.4 AnalysisThe trace describes discovery in terms of fact-finding, observations, explanations, andgeneralizations based on them. Heuristics have been identified as probable catalysts for each step ofthe process. Some of the heuristics are the same as those of Lenat [14], Polya [18, 19], andLakatos[13], and apply generally to mathematics, not only to graph theory. Although the trace isprobably too "clean" (i.e., errors and forays along certain paths have been discarded), it offerssome answers to the questions posed to the reader.¥ What conditions might be necessary for an AI system to discover mathematical knowledge?Discovery is not merely the result of blind search. The minimal knowledge of Figure 1 (e.g.,relevant concept definitions, and the formula for the computation of the maximal number of edgeson n vertices) focused the student’s attention and was a powerful guide to search. Neither isdiscovery conducted in a fixed space. New results, in the form of necessary conditions for theproperty of interest, were assimilated into the search procedures to restrict the search space.¥ What role do examples play? Examples of graphs are referenced continually. Extremal examplesare particularly helpful. Positive and negative examples are rich in information.¥ What kind of tasks arise? General examples of graphs are constructed, in order ofincreasing "size," and such examples are tested for their ability to meet definitions. Discoveriesarise as conjectures under inductive inference from these examples and as the results oftests upon them. The ability of two conditions (e.g., connectedness and self-complementarity) tocoexist is a recurrent issue. There is a drive to seek similarities between examples of an idea, toseek alternative definitions (what mathematicians call characterizations) of a concept, to seekexplanations for observations, and to couch them all in the descriptive language of the focus ofattention. New concepts arise, e.g., SC5a and numbers modulo 4, and are identified, described,and integrated into the knowledge base in progressively more sophisticated terms. (The concept"numbers modulo 4" is not novel but new in the sense that it arises in the course of discovery andis not known to be relevant a priori.) This gradual extension suggests the formation of a natural,partially-ordered hierarchy of descriptive languages that evolves during discovery. Finally, a verystrong (probably trained) ability to do deduction and find proof is present, although suchdetails are mostly suppressed in the trace.¥ What heuristics appear to guide discovery? Some heuristics are clearly specialized for the domainof graph theory (e.g., "Consider the degrees of the vertices"), but others are not limited to graphtheory (e.g., "One place to start is to try extreme cases") and not even to mathematics (e.g.,"Generalize using explanation"). Even the singularly "creative" behavior in the trace (theperception of the graphs SC5a and SC5b as being similar according to a method of decomposition)is well accounted for.The approach to mathematics described in the next section is designed to be responsive to theseKnowledge Representation for Mathematical Discovery Page observations; it is not limited to graph theory.2. A Framework for Looking at MathematicsAlthough the thought experiment in the preceding section often uses a description (e.g.,"connected" or "having a vertex of degree 0") rather than a name for a set, it repeatedly referencessets of graphs and seeks relations among them. Because of their extensive appearance in the trace,this section formalizes sets of objects with relations among them and then uses that formalism toconstruct a context for mathematical research. The relation to feature abstraction, a traditionalrepresentational technique, is also shown.Define a universe U to be any set of objects of interest, for example, functions or groups orgraphs. A property P of the objects in U is simply a designated subset P of U; P contains exactly allthe objects of U that "have" P. For example, if U is the set of all finite groups, P might be the set ofall commutative groups, and be referred to as commutativity. By the usual extensional definition,properties P1 and P2 are equal if and only if P1 ˝ P2 and P2 ˝ P1. If U is finite, there are onlyfinitely many properties of U; an infinite U is likely to be more interesting.The discovery session is primarily about properties. Results appear as: "x is an example of anobject with property P" or "x is an example of an object without property P." If mathematics isabout properties, then conjectures, lemmas, and theorems in mathematics should regularly appear informs such as the following:¥ TYPE 1: If an object has property P, then it has property Q.¥ TYPE 2: An object has property P if and only if it has property Q.¥ TYPE 3: If an object has property P and property Q, then it has property R.¥ TYPE 4: It is not possible for an object to have both property P and property Q.It may be argued that a mathematician who reasons about P is mentally manipulating all of P.Thus the mathematical study of U is an investigation of the properties of U and the relationsbetween them. A good representation for discovery in mathematics should, therefore, be a finite andflexible representation for P.An aside about types of properties is appropriate here. As presented in this paper, the notion ofproperty is boolean, i.e., an object in U either does (true) or does not (false) have P. Manymathematical properties, such as the number of terms in a polynomial or the number of vertices in agraph, are traditionally defined as numeric, i.e., mappings of U into some set of numbers. Aboolean property partitions U into P and U - P. A numeric property partitions U when the propertyis a function defined on all of U. Rather than provide for such numeric properties, this paperrestricts the definition to boolean properties that specify a number in their definition, for example,"graphs on five vertices."A characteristic of an object is an ordered pair (P,b) where P is a property and b is either 0 or 1. Ifan object has property P, it is said to satisfy characteristic (P,1); otherwise it is said to satisfycharacteristic (P,0). A description d is any set, finite or infinite, of such characteristics. An objectsatisfies a description if and only if it satisfies each characteristic in the description, and aKnowledge Representation for Mathematical Discovery Page description is satisfiable if and only if there exists some object that satisfies it. Thus the set of allobjects satisfying a given description is itself a property.Intuitively, the set of all properties in a description may be thought of as a mathematical context. Ifd = {(P1,b1),(P2,b2),�,(Pk,bk),�} is a (not necessarily finite) description, define C ={P1,P2,�,Pk,�} to be its (not necessarily finite) context. In the context C, an object is describedas having, or not having, some combination of those properties. The C-characterization of an objectis the description with context C that is satisfied by the object. Such a characterization is alwayspossible; for a specific object its C-characterization is the most detailed description composablewithin C. Although the properties in C need not be mutually exclusive, the set of all satisfiable C-characterizations partitions U into equivalence classes. Each such class is called a C-class. When Cis fixed and finite, this technique is known as feature abstraction and (b1,b2,�,bk) as a featurevector. The representational techniques described in the following sections actively support theconstruction of many different contexts, including infinite ones. The construction of such contexts,and the relations between them, is important.3. Language and the Discovery DomainThe knowledge representation language for a discovery system both empowers and inhibits itsperformance. To the extent that the language is domain-specific, it can incorporate/supportheuristics that speed search. Such specificity, however, may eventually backfire, and a systemusing a domain-specific language may be unable to follow a train of thought in an unanticipateddirection.On the other hand, general purpose representations and domain-independent heuristics havealways proved weak; eventually, intelligent artifacts require domain-specific techniques to managesearch. The history of AI is rife with periodic swings between domain-independent and domain-specific representation techniques. For a discovery program, the specificity requirement poses aparticular difficulty: although the general domain of exploration is known in advance, the specificrange of information, and the directions in which the system may drift during exploration, are, andprobably should be, unknown to the system designer.This inability to predict what needs to be represented directly affects knowledge representation formathematical discovery; even the vocabulary in which information will be discovered is initially ill-specified, and yet a universal language will be powerless. One reasonable approach is to provide anextensible language, a limited domain-specific language that can be modified in a variety of ways todescribe objects and relations as the need arises. The thought experiment confirms this need forlanguage extensibility, and strongly suggests that an AI system for mathematical discovery cannotbe limited to a fixed space guided by a fixed set of heuristics. The language must provide bothnotation for new concepts (e.g., SC5a) and notation to control the complexity of knowledge alreadyexpressed (e.g., decomposition of self-complementary graphs).4. The Construction of a Language for Graph PropertiesKnowledge Representation for Mathematical Discovery Page

This section applies both the lessons of Section 1 and the philosophy of Section 2 in theconstruction of a first context for graph theory, a language L1. The reader interested primarily in thelanguage supporting GT could proceed directly to Section 6. Those interested in applications of thethought experiment, formal grammars, and the evolution of a useful representation language areencouraged to read Sections 4 and 5 first.GT’s domain is graph theory. To delineate this domain we use three general texts: a classicaldevelopment in elegant mathematical fashion [16], a broad overview of topics presented asdefinitions and theorems [11], and an algorithmic approach [2]. Together the content of these textsform an evaluation criterion for GT, a factual knowledge benchmark for discovery in graph theory.

Figure 6: A Set of GraphsA graph property language L is the set of all terminal strings generated by some formal grammar.Each terminal string in L is called an L-expression. (For example, "m = 3" might be a terminalstring in language L.) The semantic interpretation of each L-expression is an L-property of a graph.(The semantic interpretation of "m = 3" is "all graphs with 3 edges.") Two L-expressions in alanguage L are equivalent if and only if their semantic interpretations are the same. (For example, insome language L, "m˚=˚3" and the constructive description "add any number of isolated vertices toone of the graphs in Figure 6" might be shown to be equivalent.) Equivalence of semanticinterpretation defines a set of equivalence classes on L-expressions. For example, in some languageL, "m = 3" and the constructive definition above will both be in the same equivalence class of L-expressions. An equivalence class of L-expressions designates a subset of U, namely the set of allthose graphs in U with the L-property interpreted semantically from the L-expression. (Amongothers, G1˚=˚<{1,2,3},{12,13,23}> and G2 = <{1,2,3,4,5},{12,34,25}> satisfy "m = 3" andare in the subset of U designated by "m = 3".) The number of distinct equivalence classes of L-expressions is exactly the number of distinct L-properties.As a first try at a context for mathematical discovery in graph theory, the language L1 focuses onthe similarities and differences among graphs due to their edge sets. L1 is called an edge-setlanguage, because each of L1’s four primitive symbols has a semantic interpretation as an edge setthat appeared, in some fashion, in the thought experiment of Section 1: E represents the edge setitself, I = V · V is the set of all possible edges, 1˚=˚{(x,x)œ x ˛ V} is the set of all possible loops(a loop is a an edge from a vertex to itself), and ¿ is the empty set. There are two unary operatorson any edge set S: reversal of the direction of all edges (denoted by S R) and complementation withrespect to I (denoted by S C.) (Recall that complementation in the thought experiment was takenKnowledge Representation for Mathematical Discovery Page with respect to the non-loop edges, En ; here it is taken with respect to all edges, I.) Reversal isintroduced in an attempt to distinguish directed from undirected graphs; complementation is chosenbecause of the significant role it played in the thought experiment. There are also two binaryoperations on edge sets, union and intersection. Finally, there is an equality relation (denoted as =)and an inequality relation (denoted as „) between any two edge sets constructed with the operatorsfrom the original four. These relations are chosen because of their repeated appearance in manyfields of mathematics, and the prevalence of sets in the definitions of Figure 1. The formal grammarfor L1 on a graph G = <V,E> issymbol:E œ I œ 1 œ ¿term: symbol œ termR œ termCœ term ¨ term œ term ˙ termexpression:term = term œ term „ termAccept the convention of dropping parentheses whenever a construction would be unambiguouswithout them.Some sample L1 expressions areE ˙ 1C „ ¿E ¨ ER = EandI = E ¨ ER ¨ 1.The interpretation of these expressions is in terms of the standard representation of the graph G by<V,E>. Thus the first expression is interpreted as "the set of graphs G such that the intersection ofE and 1C is not the empty set" or "the set of graphs G such that the elements of E include somenon-loops" or "the set of graphs G that include at least one non-loop edge." Similarly, the second isinterpreted as "the set of graphs G such that, if an edge is in E, so is its reverse," and the third as "the set of graphs G such that every edge or its reverse is in E." Many L1-expressions, however, areequivalent to others under this interpretation. For example, E ˙ 1C = ¿ is equivalent to(E˚˙˚1C)R = ¿R in its semantic interpretation.If U is restricted to all undirected finite graphs, this edge-set language does not distinguishbetween ER and E, or between ECR and EC. Thus there are fewer L-expressions for undirectedgraphs and therefore fewer L-properties.Reversal and complementation can be restricted to symbols, rather than terms, without loss ofexpressive power [7]. That is, under this restriction, the same equivalence classes will be formed.Thus the following grammar will have the same L1-properties, although its expressions are a subsetof the first grammar’s.symbol:E œ I œ 1œ ¿ œ ER œ EC œ ECR œ 1Cterm: symbol œ term ¨ term œ term ˙ termexpression:term = term œ term „ termThis is the grammar used in [7] for L1, where the following theorem is stated and proved:Knowledge Representation for Mathematical Discovery Page

Although the language L1 has infinitely many terminal expressions, there are only12 distinct L1-classes of undirected graphs and 24 of directed graphs. Theseclasses may be defined using only four distinct properties for undirected graphsand five for directed graphs.Unfortunately, the semantic interpretations of these L1-properties are not particularly interesting tograph theorists; not one L1-property is equivalent to any property definition cited in the index of anyof the benchmark texts. Although the recursion of the grammar provides an infinity of L1-expressions, their semantic interpretation results in an uninteresting, finite set of properties. Thenext step is to extend L1 in an effort to meet one evaluation criterion for discovery, the target set offactual knowledge.5. A Grammatical Hierarchy of Edge-Set LanguagesLanguage L1 of Section 4 was a formal language for graph properties, but an inadequate contextfor discovery. This section extends such formal languages into a grammatical hierarchy ofprogressively more expressive languages. Throughout this section, the operators and relations usedin the extensions are chosen because graphs have a set-theoretic context and because mathematicianshave found certain tools powerful, as exemplified by the thought experiment of Section 1. Becausethe semantic interpretation of L1-expressions provided an inadequate vocabulary, sampleexpressions in each new language are used to monitor developing expressive power.When the terminal strings of one formal grammar are a proper subset of the terminal strings of asecond formal grammar, the language generated by the second is said to be more expressive thanthe language generated by the first. Any set of languages constructed in this fashion has a partialordering based on the relation "is more expressive than." The languages so constructed and theirpartial ordering form a grammatical hierarchy.Language L2 is an extension of L1 that permits the relations of cardinal equality (denoted as ”)and cardinal inequality (denoted as <>) between two edge sets. The new productions areexpression:term ” term œ term <> termThe interpretation of an L2-expression does not use integers in its property statements. L2, like L1, has only finitely many properties. Examples of properties that can be interpreted from L2-expressions but for which no equivalent L1-expressions exist include: ECR ” Eand1 ¨ E <> EC.Based again on the standard representation G = <V,E>, the first expression is interpreted as "the setof graphs G such that the reversal of the complement of the edge set has as many elements as theedge set does." The second is interpreted as "the set of graphs G such that there are not the samenumber of elements in the complement of the edge set as there are in the edge set and all the loops."Language L3 is an extension of L2 that permits the relation of lesser cardinality (denoted as <) inaddition to cardinal inequality (<>). The new production isKnowledge Representation for Mathematical Discovery Page expression:term < termThe interpretation of an L3-expression still does not use integers specifically in its propertystatements, and there are still finitely many L3-properties. Examples of properties that can beinterpreted from L3-expressions but for which no equivalent L2-expressions exist include ECR < EandE < 1 ¨ EC.Based again on the standard representation G = <V,E>, the first expression is interpreted as "the setof graphs G such that the reversal of the complement of the edge set has fewer elements than theedge set." The second is interpreted as "the set of graphs G such that there are fewer elements in theedge set than the number of vertices in G plus the number of non-loops in the complement of theedge set."Recall that n denotes the number of vertices in the graph. Extend languages L1, L2, and L3 to thelanguages L1n, L2n, and L3n, respectively, by adding to each of them the productions:integer: 0 œ integer + 1expression:n = integerEach of the finitely many equivalence classes in L1, L2, and L3 is split into finitely or infinitelymany equivalence classes in L1n, L2n, and L3n, respectively. Each of the languages L1n, L2n, andL3n has an infinite number of properties and is therefore more expressive than its correspondinglanguage L1, L2, or L3.Despite the addition of more properties from the thought experiment, none of the six edge-setlanguages discussed thus far is able to express more than a few of the properties in the benchmarktexts. The construction of L1* tries a different approach and is more successful. Language L1* is anextension of L1 that includes the symbol E*, the transitive closure of paths in E. E* has a recursivedefinition:xy ˛ E* if xy ˛ E or if xp,py ˛ E*Thus xy is in E* for G = <V,E> if and only if there is a path <x,y> in G. Examples of propertiesthat can be interpreted from L1*-expressions but for which no equivalent expressions in any of L1,L2, L3, L1n, L2n, or L3n exist include:E* ˙ 1 = ¿andI = E ¨ E* ¨ 1.Using the standard representation G = <V,E>, the first expression is interpreted as "the set ofgraphs G such that no element of the transitive closure of the edge set is a loop" or "the acyclicgraphs." The second is interpreted as "the set of graphs G such that every edge is in the edge set orrepresents a path in the edge set." L1* is more expressive than L1 and has a finite basis.L1* can express, for undirected graphs, a property such as "the set of graphs G such that everyconnected component is complete." Although such expressive power is an improvement on that ofthe preceding languages, semantic interpretations of L1*-expressions for undirected graphs areKnowledge Representation for Mathematical Discovery Page difficult to follow. For directed graphs, however, the properties (still finite in number) become achallenge to English grammar and, therefore, even less likely to be interesting to humanmathematicians.In summary, a grammatical hierarchy has been constructed; it appears in Figure 7, where anarrow from language La to language Lb means that Lb is more expressive than La. For finitely manyproperties, L-characterization (or feature abstraction) supports procedures to detect commonalitiesand differences in sets of objects, and to reason about classes of objects. The graph properties inL1, L2, L3, and L1* are finite in number because set-theoretic rules (such as I ˙ S = S for any edgeset S) simplify most of their terminal strings. Thus, although the expressions in languages L1, L2,L3, L1n, L2n, and L3n grow longer, after a certain point no new meanings are introduced. Fordiscovery, the properties in those languages are uninteresting; even though they began with focusdefinitions from the thought experiment, the resultant relations and sets lack reference to thefeatures, such as connectedness, that were so important in the thought experiment. L1* with itstransformation E*, comes closest to an interesting research context. Within the recursion of thegrammar, E* itself has a recursive definition. A more elaborate second application of recursionproves successful in the languages of the next section.LLLLLLL1 n 2 n 3 n 3211*

Figure 7: Orderings for Property Languages6. The Recursive LanguagesAlthough the edge-set languages were based upon the terminology of Figure 1, they did not meetthe factual knowledge benchmark. This section builds upon the edge-set languages anotherhierarchy of representation languages, the R-languages. The R-languages satisfy many of thebehavioral objectives and express much of the factual knowledge in the three texts specified asgraph theory. A very simple R-language empowers GT’s discovery in graph theory.Knowledge Representation for Mathematical Discovery Page

6.1 Origin and RationaleThe original motivation for the experiments described in this paper was a set of graphs collectedby Charles Schmidt, a cognitive psychologist and computer scientist at Rutgers. Data in anexperiment was described by graphs representing mental structures. All the graphs had the samenumber of vertices, but different edge sets. What, wondered Schmidt, might these graphs, i.e.,these edge sets, have in common? The edge sets of the graphs distinguished them from each other,and yet he believed that some underlying principle created them. The question remains unanswered,but it was the catalyst for the work described here.The representation languages for graph theory described in this section are based upon resultsfrom the preceding sections:¥ In the thought experiment of Section 1, a conjecture (for example, that self-complementary graphswere connected) was initiated by the observation of examples. The proof, however, required theability to reason abstractly about a class as a whole, not individual instances of it.¥ Examples played a key role in the experiment. They familiarized the student with the property,initiated conjectures, and provided a testbed for them. Extreme examples were particularly useful.¥ The constructional derivation in the experiment linked larger examples to smaller ones, organizedthe class, and suggested an alternative definition.¥ Mathematical results are often expressible as relations between classes of objects, as in Section 2.¥ L1*, the most appropriately expressive of the L-languages in Section 5, used recursion in its edgeset description.¥ Much of the thought experiment was devoted to constructing a generator definition for the class.As a result, the languages developed in this section are designed to describe and reason aboutentire classes of graphs and the relations between them. Extreme examples, constructionalderivation, and recursion appear in every property definition. Although reasoning about therelations between classes whose definitions are testers is reducible to reasoning about predicates(i.e., pieces of code), all but the simplest such programming tasks are beyond the current state ofthe art. In addition, the apparent drive toward a generator definition in the experiment suggests thatperhaps testers are better reserved to examples, and that generator definitions support mathematicalresearch. Thus the languages of this section are for generators of classes of graphs.Recursion is used twice in the representation languages of this section: once in the grammardefining the language, and again in the interpretation of an expression. Mathematicians (see, e.g.,[17], [20]) have long advocated recursion to capture the idea of an infinite set or process. GTappears to be the first program to employ the power of induction for class description. (See,however, its use in theorem proving [3] and, more recently, in shape description [15].)Informally, an R-language expression for a property P is a concise, three-part string whosesemantic interpretation is a specialized generator algorithm. That algorithm is describable as aninput-free automaton (a P-generator) that, when started, generates a (possibly infinite) set P ofgraphs. As in Section 1, the P-generator so defined must be both correct and complete with respectto P.Knowledge Representation for Mathematical Discovery Page

12345Figure 8: A Sample Run of TREEThe three key components of an R-language expression, < S, f, s >, for a property P are¥ S, the seeds, a set of start-up graphs¥ f, the operation, a set of instructions to transform an input graph¥ s, the selector, a set of conditions governing the application of the operationInformally, every seed is in P and every graph transformed by the algorithm produces anothergraph in P. The algorithm, if executed indefinitely and simultaneously on all its seeds, generatesexactly P. As an example, consider the R-language expression for trees:TREE: <{K1}, AxyAy, [x ˛ V, y ˇ V]>The seed set S is {K1}, the set whose only element is the complete graph on a single vertex. {K1}is, in number of vertices, a "minimal" tree. The operation f is AxyAy ("branch from x to y"),meaning "add to the graph a vertex y and an edge from vertex x to y." The selector s is "x ˛ V, yˇ V," meaning "x is a vertex in the input graph and y is not." Figure 8 shows several iterations ofTREE; each step is a branch that constructs a new graph. Each pictured graph is output by thealgorithm and is a tree. The definition generates the infinite class of trees; it will never halt becausebindings for the variables in s can be found on each iteration.6.2 DefinitionsThis section provides the formal definitions for R-languages. Let L be a graph property language,F an operation language, and S a selector language. (Descriptions of these languages appearbelow.) Then <L,F,S> is an R-language whose terminal expressions (R-expressions) are triples ofthe form <S,f,s>, where S is a terminal L-expression, f is a terminal F-expression, and s is aterminal S-expression. The notation fs is read "apply f subject to the constraints of s." Therecursive definition implicit in <S,f,s> isEvery G ˛ S is in P.If G ˛ P then fs(G) is in P.Nothing else is in P.The R-language is declarative; the semantic interpretation is procedural. The semantic interpretation of <S,f,s> is the following algorithm:Knowledge Representation for Mathematical Discovery Page

Accept G in S Output G Until s fails doG ‹ fs(G)Output GHaltThe algorithm should be envisioned as running simultaneously on every graph in S. Under allpossible initial choices from S and all possible iterations of f subject to s, the output of thisalgorithm is precisely P, that is, if the superscript i denotes "iterate i times,"P = Ui (fs)i (S)The seed set language L is itself a graph property language, typically an edge-set language fromSection 4 or 5 of this paper. L must be able to describe the particular seed set S correctly andcompletely. In TREE, {K1} is the seed set. {K1} has the expression "EC˚˙ 1C = ¿ and E = ¿" inL1. (EC ˙ 1C = ¿ stipulates that no non-loop edges are missing from the graph, and E = ¿ thatthere are no edges, loop or non-loop, in the graph. Together they imply that the only possible edgein the graph is a loop, i.e., the graph has only one vertex.) Thus {K1} has a terminal expression inL1.The grammar for an operation language F has terminal symbols {f,g,h,�}, each representingsome primitive transformation operator. The only non-terminal symbol is a. The productions area fi aa œ a + aa fi f œ g œ h œ �The semantic interpretation of fg is "apply g followed by f." The semantic interpretation of f + g is"apply exactly one of f and g." It is sufficient to define an operation language F by its terminalsymbols. The operation language F1 is defined by the terminal symbols {Axy,Ay}, where Ay means"add vertex x to the graph" and Axy means "add edge xy to the graph." AxyAy is a terminalexpression in F1.The selector language S is generated by a formal grammar too. S1 will serve as an example:a fi a,a œ vertex sign V œ edge sign Evertex fi x œ y œ z œ v1 œ v2 œ v3 œ �edge fi (vertex,vertex)sign fi ˛ œ ˇAn example of a terminal S1-expression is " x ˛ V, y ˇ V," the selector for TREE. More elaborateS-languages describe such restrictions as relations among vertices and edges, the degree of avertex, and the maximum degree of any vertex in the graph.From the preceding discussion, it is clear that the expressionTREE: <{K1}, AxyAy, [x ˛ V, y ˇ V]>lies in the R-language <L1,F1,S1>, since {K1} ˛ L1, AxyAy ˛ F1, and [x˚˛ ˚V,˚y˚˛ ˚V] ˛ S1.Knowledge Representation for Mathematical Discovery Page

The grammars facilitate the definition of hierarchies of operation languages, seed set languages, andselector languages. The partial ordering of those hierarchies defines a partial ordering on thelanguage triples. Thus the R-languages, like the languages of Sections 4 and 5, form a grammaticalhierarchy.6.3 Relevant IssuesThe reader is likely to have many questions about the R-language representation by now. Thissegment of the paper attempts to anticipate and respond to them.Isn’t the semantic interpretation algorithm for generating examples from <S,f,s> non-deterministic?Yes. In any R-language expression <S,f,s> for property P, although all of S must be used togenerate all of P, any element of S may be used to start the P-generator. Also, on each iterationthere may be many bindings valid under s; any one may be used.Isn’t the semantic interpretation algorithm for generating examples from <S,f,s> ambiguous?Yes again. For any G in P there are probably many different iteration sequences (possiblybeginning with different seeds) that generate G. These ambiguities are quite deliberate. In addition,it is possible that more than one R-language expression generates the same P. These differentexpressions reflect the ability of the language to provide alternative characterizations of a givenproperty.Doesn’t all that uncertainty and redundancy affect the algorithm’s performance?It does, but that is insignificant because a P-generator is rarely executed. It is a concise expressionfor a set of graphs, an expression amenable to the construction, modification, and possibly theverification of members of the set. For application, the only performance criteria are correctness andcompleteness.Is an R-language property always satisfiable?If the seed set S is non-empty, an R-language property is always satisfiable, because S ˝ P. If S isempty, the property is never satisfiable, because the algorithm cannot execute.Is every R-language expression a valid graph property?Subject to certain restraints, an R-language expression is a valid graph property. If <S,f,s> is theexpression for P, it must begin with, and produce, only graphs. Therefore, S must be a set ofgraphs, and s must make certain that f alters V or E only in ways that preserve <V,E> as a graph.Specifically, f may only delete vertices of degree zero, and f may only add edges between verticesalready present in the graph. These restrictions prevent a graph from degenerating into just any pairof ordered sets. Obviously, f is never permitted to change V or E into anything other than a set.How does one prove correctness and completeness for an R-language expression?In most cases, proofs will require facts from graph theory. To demonstrate that all the graphsgenerated by the algorithm interpreted from <S,f,s> are in P, one must show that S ˝ P and thattransformation under fs preserves membership in P. Under these circumstances, <S,f,s> will becorrect. Except for intuitively simple properties, completeness is generally more difficult to show.One successful technique is to show that there is an inverse, denoted <S,f-1,s-1>, that is correct.Knowledge Representation for Mathematical Discovery Page

The inverse is an algorithm that reverses the construction process. The situation is pictured in¥¥¥

¥¥¥¥¥Figure 9: The Behavior of f and f-1 within the Set U of All GraphsFigure 9. For P interpreted from <S,f,s>, f maps G ˛ S into P, and f maps P into P. For theinverse <S,f-1,s-1>, f-1 maps G ˛ P into P and eventually back into S. Assume that f-1 is correct,i.e., f-1 only maps G˚˛˚P into f-1(G) ˛ P. Let G ˛ P. Since f-1 is defined on G and f-1 is correct,there exists some sequence of applications f-1*(G) that is a "trail" back to some seed graph H ˛ S.Inversion of these applications into f*(H) creates a trail from H to G. Thus G is reachable via f, and<S,f,s> is complete. As an example, the inverse forTREE: <{K1}, AxyAy, [x ˛ V, y ˇ V]>isTREE-1: <{K1}, DyDxy, [x,y ˛ V, xy ˛ E, x „ y, d(y) = 1]>(Observe that the inverse TREE-1 requires a more expressive S-language than TREE does, onewhich is able to specify the degree of a vertex.) TREE-1 gradually dismembers any tree. TREE-1finds, on each iteration, distinct, adjacent vertices x and y in the graph, such that y is of degree one,and then deletes the edge xy and the vertex y. TREE-1 strips one branch at a time from any tree,until the original graph is reduced to K1. (Read Figure 8 from right to left for an example of thisdestructive process.) If, however, the input graph to TREE-1 is not a tree, TREE-1 will reduce thatgraph’s acyclic connected components to isolated vertices, and the remainder of its components tobiconnected ones; the non-tree graph will never be transformed into K1. This technique for provingcompleteness will work, of course, only for graph properties that have inverses. For thoseproperties that do not (for example, one defined by a recursively enumerable, non-recursive set),completeness is generally proved by a demonstration that any graph with P can be constructedKnowledge Representation for Mathematical Discovery Page

under a finite number of iterations of <S,f,s>.Given the expression <S,f,s> for P, under certain conditions it is possible with heuristics toconstruct automatically the inverse expression <S,f-1,s-1> for P. Those conditions are discussedextensively in [7]. The algorithm associated with <S,f-1,s-1> is a P-tester, and the automatedconstruction of a P-tester from a P-generator is called inversion. The inversion from TREE toTREE-1 is detailed in [7].What data structure is used for graphs?R-language expressions are theoretical descriptions designed to be independent of any data structurefor graphs. In an implementation that generates examples, however, the variables in the R-languageexpressions must be bound to actual vertices and edges according to s. The S-language may thussuggest one or more economical, and possibly unorthodox, structures. (For example, vertices andedges may be arranged in lists of biconnected components, or even as sets of cycles.) In theimplementation, GT uses adjacency lists, not an edge-set language, to describe seeds, because theadjacency lists facilitate matching on binding criteria such as x ˛ V and d(x) = 1.What sort of automaton is a P-generator?The P-generator for <S,f,s> has an obvious three-tape Turing machine counterpart. The first tapecontains the program to modify the input graph (the information contained in f and s) and space forcomputations. As f and s are defined, they are certainly finite and encodable for a Turing machine.The second tape is for S. As long as the set S is finite or recursively enumerable, the second tapeeither lists S or encodes the Turing machine that generates S. If S is not finite or recursivelyenumerable, the R-language expression is implemented by a Turing machine with an oracle thatdecrees whether or not a given graph is in S. The third tape is for the output, that is, the set P. TheTuring machine’s program instructs it to select any graph G1 from S, modify it into some graph G2,output G2, and then recurse, to modify G2 on the next iteration. (It may be helpful to imagine a setof machines, at this point, one for each element in S, all operating in parallel. S is recursivelyenumerable and the non-determinism of the algorithm is not an issue for a Turing machine [12].)Thus, if there exists an R-language expression for graph property P with some recursivelyenumerable S, P is recursively enumerable. If there exists an R-language expression for P and anoracle for S, P is recursively enumerable relative to S.What are reasonable complexity measures for P-generators?Theoretically, one could measure the complexity of a P-generator by the (time and space) resourcesrequired to construct a finite P, or to construct some preselected set of examples X from P, or evento perform a single iteration other than the first. In all of these tasks, the selection of a seed can bedone in constant time; it is the matching dictated by the selector that should be the key factor. Thetime required to find bindings for the operator variables meeting the selector descriptions dependsupon the way, or ways, graphs are stored. Thanks to the adjacency list representation for specificgraphs, GT’s uniform procedure for actual example generation does not degrade performance,except for isomorphism testing. On the relatively rare occasions when a distinct set of examples ofP is required, the generator’s redundancy demands that the examples be stored and compared forKnowledge Representation for Mathematical Discovery Page distinctness. This isomorphism testing is currently quite primitive and slow; it is under revision. Atno other time is the complexity of the P-generator ever an issue.Is every graph property of interest to mathematicians recursively enumerable?A graph property defined on graphs of no more than n vertices will be a finite set and, therefore,recursive. For graphs of unbounded size, however, it is possible to construct a non-recursivelyenumerable set of graphs. For example, let Q be a non-recursively enumerable set of integers. ThenQ* = {G = <V,E> œ G is a graph, œ Vœ ˛ Q}is a non-recursively-enumerable graph property. Such properties, although they exist, are in somesense pathological. A graph theorist defines a property and then studies it. Study seems to requirethe ability to decide (determine the presence or absence of) the property by some computation,typically a tester. Most graph properties of intrinsic interest to graph theorists are probably not onlyrecursively enumerable, but also recursive. The criteria for discovery established earlier in thispaper focus on properties that people actually study in the course of research in graph theory (what[5] calls "natural classes"), not properties that they could study if they were so inclined.graphgraph on even number of verticesedgeless graphgraph on odd number of verticesconnected graphgraph with even number of edgesbiconnected graphgraph with odd number of edgesacyclic graphgraph of minimum degree kk-connected graphgraph with k componentstreegraph with counted verticesloopfree graphgraph with counted edgeschaingraph with calculated maximum degreecyclebipartite graphstarcomplete bipartite graphwheelk-vertex-covered graphcomplete graphk-independent graphEulerian graphk-colored graphgraph with n verticesk-chromatic graphgraph with m edgesgraph with vertex covering number kpinwheelgraph with circumference knon-planar graph graph with edge covering number kk-factorablegraph with a k-factoreven-regular graphHamiltonian graphodd-regular graph planar graphTable 1: Graph Properties Studied under Recursive GenerationKnowledge Representation for Mathematical Discovery Page

Is every graph property of interest to mathematicians expressible in some R-language?Table 1 lists 42 graph properties believed to be formulated in R-languages in [7] correctly andcompletely. These properties were a cross-section selected from the indices of the benchmark texts.The properties vary both in their conceptual difficulty and in the length of their R-languageexpression. Those in italics have been encoded for or discovered by GT during actual runs. Manyother properties with well-known equivalent definitions (such as "line graph") are also clearlyexpressible in an R-language. All these properties are empirical evidence that R-languages should beadequate. There is no formal proof.Is the R-language representation applicable to labeled graphs and networks?Extensions to R-languages [7] have included a register used as a counter, and labels on bothvertices and edges. Some of the properties of Table 1 are written in those extended languages. ThusR-languages appear applicable to labeled graphs and networks. In addition there are R-languagesthat require no matching at all, i.e., for which S is empty.Why focus on graph property languages to the exclusion of, say, graph relation languages?The focus here has been on graph property languages because the thought experiment demonstratesan underlying preoccupation in mathematics with sets of objects. There have been, of course,alternative knowledge representations postulated for graph theory (see Section 7), but no publishedreports of their implementation. There is no claim that alternative representations are less valid, onlythat none have yet displayed GT’s implemented success.Where are the logical connectives and quantifiers that provide a language with power?As discussed in Section 6.4 below, R-languages have immediate access to procedural equivalentsfor connectives and quantifiers. The boolean "and," for example, is available via merger. Quantifieddescriptions such as "having at least one spanning forest" are written constructively, by generatingan expression that produces such graphs.6.4 Applications for the R-language RepresentationThis section is an overview of the implementation of one fairly simple R-language in a programnamed GT. The description appears here only to support the claim that the R-languages areresponsive to both kinds of evaluation criteria, behavioral objectives and factual knowledge. Thereader seeking implementation details is referred to [8].GT manipulates graph theory properties via their <S,f,s> representations. Given an R-languageexpression <S,f,s>, GT can generate any number of arbitrary graphs with that property. There is asingle, uniform procedure that accepts any <S,f,s> definition and produces these examples.Similarly, there are uniform procedures, notably subsumption and merger, which support the proofof the four theorem types identified in Section 2.Given expressions <S1,f1,s1> for P1 and <S2,f2,s2> for P2, it is possible with heuristics todetect that P1 is a special case of P2, i.e., that P1 is a subset of P2. This is called testing forsubsumption, and P1 is said to subsume P2. GT has a uniform subsumption testing procedure forKnowledge Representation for Mathematical Discovery Page any pair of <S,f,s> definitions. Subsumption testing shows, for example, that ACYCLICsubsumes TREE. Repeated applications of this procedure facilitate GT’s construction of a relationalhierarchy of graph theory knowledge. It is also possible to detect the equivalence of two properties:if P1 subsumes P2 and P2 subsumes P1, then P1 and P2 are equivalent. GT uses this method todetect equivalent property definitions.Given expressions <S1,f1,s1> for P1 and <S2,f2,s2> for P2, under certain conditions it ispossible with heuristics to merge the expressions into a single new R-language expression forP1˚˙˚P2. GT’s merger procedure does precisely this. The resultant algorithm is a correct andcomplete generator for P1 ˙ P2. GT’s merger procedure has, for example, enabled it to constructexpressions for "trees-with-an-odd-number-of-vertices" and "acyclic-and-connected-graphs." It isalso possible, under certain circumstances, to demonstrate within the merger procedure afundamental incompatibility between two properties, i.e., P1 ˙ P2 = ¿. During its attempt toconstruct an expression for "odd-regular-graphs-on-an-odd-number-of-vertices," GT observes thatan integer cannot be both odd and even, and declares, correctly, that there cannot be any suchgraphs.Given a set of R-language expressions for graph properties, it is possible to conjecture relationsamong the properties based on similarities or differences in the expressions themselves. GT basesits conjectures on such details as degree of similarity between two seed sets, seeds of one propertythat are known to have the other property, and degree of similarity between two operators.Given an R-language expression for a graph property, it is possible to modify that expression toproduce new properties from the known one. GT currently has three uniform procedures for this:specialization, generalization, and merger. GT uses specialization to discover (construct) definitionsfor, among others, "connected" and "acyclic" from the definition for graph. GT models theappropriate insertion of new information into a preexisting knowledge base by generalizing thatinformation until it can be linked into GT’s relational hierarchy of graph properties. For example,the definition for stars is generalized until it is eventually recognized as a special case of connectedgraphs.If the heuristic procedures alluded to above are themselves demonstrated correct, then it ispossible to prove theorems on R-language expressions using those procedures. The formulationsfrom Section 2 and their GT procedural equivalents appear in Table 2.

To prove

Show thatIf a graph has property P, then it has property Q.Q subsumes P.A graph has property P if and only if it has property Q.Q subsumes P and P subsumes Q.If a graph has property P and property Q,R subsumes the merger of P and Q.then it has property R.No graph can have both property P and property Q.The merger of P and Q is empty.

Table 2: GT’s Procedural Equivalents for Theorem ProofsKnowledge Representation for Mathematical Discovery Page

GT uses R-language expressions and its subsumption and merger procedures to successfullyconjecture and prove, among other theorems, the following:¥ Every tree is acyclic.¥ Every tree is connected.¥ The set of acyclic, connected graphs is precisely the set of trees.¥ There are no odd-regular graphs on an odd number of vertices.The descriptive ability of an R-language lies in the number and nature of the primitive operatorspermitted in f and of the selector descriptions permitted in s. As the set of such operators anddescriptions is extended, a lattice of descriptive languages is constructed. As Section 5demonstrates, certain representation languages separate the universe U of all finite graphs into moreclasses than others. (For example, L1 distinguishes 12 classes of undirected graphs, L2 106.) Thus,certain graph properties are simply not expressible at certain levels of a grammatical hierarchy. It isinteresting to identify the floor for a graph property P, informally the weakest possible language in agrammatical hierarchy that can represent P. Because the hierarchy is partially ordered, a propertycan have more than one floor.The floor of a graph property has two interesting applications, a natural ordering and a resourcemetric. First, an extended R-language offers additional alternatives, and should have greaterexpressive power. A "more complex" language Lc distinguishes more classes of graphs than a"simpler" language Ls. (In the terminology of Section 4, there exist Lc-characterizations that are notrepresentable in Ls but the union of whose equivalence classes is representable in Ls.) Tabulation ofthe new graph properties expressible/discoverable within each extension could provide a naturalpedagogical order for graph properties. Second, operations within an extended R-language arelikely to require more computer resources; the floor of a property should be useful in estimating theresources required for computation with that property. Within the discovery framework describedhere, plans exist to extend GT’s R-language for the representation of directed graphs and,eventually, for labeled graphs. These extensions will provide a testbed for the study of performanceunder representational shifts, assuming that a language does not have access to more efficient datastructures or procedures simply by virtue of its extended expressive power.The key to GT’s most interesting specializations (discovered definitions), those involvingadditional descriptions in s, is the language in which those descriptions may be written. Banerji [1]writes eloquently about learning in a growing language. Utgoff’s work with LEX [26], a machinelearning system to discover heuristics for the application of symbolic integration rules, is a case inpoint. LEX was unable to formulate a pattern matching description for a rule it discovered becauseits knowledge representation language for integrands had no expressions for "odd" and "even."Unless the s-language is extensible, its associated R-languages may not be able to access manyinteresting ideas. Ways to automate the extension of the s-language for GT are under investigation.GT’s success validates the use of R-language expressions as definitions. These generatordefinitions prove to be more transparent and flexible than the more traditional feature vectors. LikeKnowledge Representation for Mathematical Discovery Page

META-DENDRAL [4], GT can afford exhaustive search because its representation is highlycontrolled. Its property definitions support most behavioral objectives without recourse to empiricaldata. 6.5 A Mechanized Thought ExperimentGT is implemented on a Symbolics 3675 in Symbolics Common Lisp. The screen is divided intoa display area and a smaller sketch pad where GT draws example graphs one at a time as itgenerates them. The sketch pad pictures go by quickly, but often convey what is,anthropomorphically, a "train of thought." When the program executes, the user is offered severaloptions. We describe here an example of a mechanized thought experiment, a GT run. The userstarts GT up with an input knowledge base. GT runs and discovers theorems.The knowledge base of seven graph properties initially consisted only of property names andexpressions its R-language: connected, acyclic, tree, chain, star, odd-number-of-vertices, and"equiv-connected," an equivalent definition of connected with a different R-expression. GTdisplays those definitions and then begins to conjecture about possible subsumption relations. All ofthese conjectures appear on the screen , and are then examined and reported upon one by one.Actual output at this point includes:I just tried to prove that the property P[TREE] subsumes the property P[CONNECTED].The result was NIL.andI just tried to prove that the property P[ACYCLIC] subsumes the property P[TREE].The result was T.From the positive subsumption results, the program makes conjectures about equivalence relations,and goes on to explore them. For example, two equivalent input definitions are discovered now:I just tried to prove that the property P[EQUIV-CONNECTED] is equivalent to the property P[CONNECTED].The result was T.and some reasonable guesses are rejected:I just tried to prove that the property P[ACYCLIC] is equivalent to the property P[TREE].The result was NIL.At this point GT warns us that equivalent property definitions will now be ignored, i.e., EQUIV-CONNECTED will no longer figure in its investigation. Next GT formulates and investigates someproperty mergers. The pictures on the sketchpad become particularly interesting at this point, asexamples of the merger concepts appear. For example:I am going to call the new property, created by the merger of P[ODD-NUMBER-OF-VERTICES] and P[TREE],Knowledge Representation for Mathematical Discovery Page

ODD-NUMBER-OF-VERTICES-MERGED-WITH-TREE.The example on the sketchpad at this moment is shown in Figure 10.

Figure 10: A tree with an odd number of vertices, generated by GT.Some messages reference previous results during this stage, such as:The property P[ACYCLIC] subsumes the property P[TREE]and therefore the merger is simply P[TREE].No new property was discovered.Sometimes GT is uncertain of the new seed for a merger. Then it sends a cautionary messagedescribing its choice, for example:I am taking the smallest common graph(G[ODD-NUMBER-OF-VERTICES-10]) asa presumed seed for P[ODD-NUMBER-OF-VERTICES] and P[STAR].In this case G[ODD-NUMBER-OF-VERTICES-10] is the tenth generated example of the propertyODD-NUMBER-OF-VERTICES, and the smallest example of that property that was also found tobe a star. (A star is a connected graph in which one vertex is adjacent to all the others, and everyother vertex is of degree 1.) The graph, sketched on the pad, was indeed the correct seed; it appearsin Figure 11.

Figure 11: The smallest star on an odd number of vertices.Failures have an interesting rationale at this point. For example:This conjectured property had very few (1) examples.It was rejected as trivial.Knowledge Representation for Mathematical Discovery Page

I just tried to merge the properties P[CHAIN] and P[STAR].Now GT looks for additional subsumption relations using the new concepts formed by merger, andthen uses those to conjecture and prove new equivalence relations. For example,I just tried to prove that the property P[TREE] is equivalent tothe property P[CONNECTED-MERGED-WITH-ACYCLIC].The result was T.Finally GT displays its original and discovered knowledge about the seven original properties in itsknowledge base. What, at the beginning of the run, took only a few lines, now requires sevenscreenfuls, simply listing the subsumption and equivalence investigations and their outcomes,omitting proofs and example graphs.7. Discussion of ResultsThis paper recounts three experiments addressing issues in knowledge representation formathematical discovery: the thought experiment, the edge-set languages, and the R-languages.There are lessons to be learned for mathematical discovery from each of them.The thought experiment is a paradigm for mathematical discovery. It is an original andilluminating example of the discovery process, one which contains extensive information onbehavioral objectives and ways to achieve them. (It also offers insights into the design of thememory system and the processing strategy [25].) In particular, the thought experiment highlightsthe significance of examples, the use of both inductive and deductive methods, and the role ofheuristics.The edge-set languages are reasonable attempts at capturing the language of the thoughtexperiment; they focus on the edges, the smallest unit of information in the trace that describes arelation within graphs. The resultant class descriptions, although they echo the "basis language" ofthe experimenter, ultimately fail to capture the graph properties of interest to mathematicians. Thus itis not enough, in this case, to incorporate the superficial description, i.e., language, of a discoveryprotocol; something more is required.The R-languages base their class descriptions on extreme examples, recursion, and constructionalderivation. An expression in any one of these languages contains all these elements and isinterpretable as a generator definition for a class of graphs. Although the existence of a definition ofthe form <S,f,s> for every property P remains an open question, the expressive power of the R-languages seems adequate for the factual knowledge in the benchmark texts. GT, an implementedversion of one simple R-language, demonstrates that the generator definitions are highly flexibleand subject to heuristics that effectively model many of the behavioral objectives of the thoughtexperiment.There has been, of course, other research on representation for graphs and attempts to studygraph theory with the assistance of a computer. Galperin [9] represented graphs by "cloning andgluing". The resultant algorithms generated classes of graphs efficiently, but they lacked the R-languages’ uniformity of algorithmic representation and were not implemented. Other relevant,Knowledge Representation for Mathematical Discovery Page unimplemented efforts include Rosen’s grammar-like systems on directed graphs [23], Wegman’spath language for directed graphs [27], Proskurowski’s notationless description of recursivelabelings to find shortest paths in undirected graphs [22], and Yannakakis’ transformations on anarbitrary graph to attain a given property [28]. Pratt and Friedman implemented a transformationallanguage for processing directed graphs [21], and Dorin implemented a Graph ProgrammingLanguage machine to produce sequences of directed graphs based on the algebraic theory of graphgrammars [6]. The latter manipulated individual graphs within classes, but did not perform researchin graph theory. The only behavioral objective visible in any of this related work is the efficientgeneration of examples; the expressive power of the representations varies broadly. There arecurrently only two other programs that attempt mathematical research, as defined here, in anysubdomain: AM in set theory and number theory [14] and IL in Conway numbers [24].The remainder of this paper addresses the relations between GT and the thought experiment, andevaluates the significance of the subdomain results for mathematical discovery.7.1 GT and the Thought ExperimentGT demonstrates the power of one fairly simple R-language. All GT’s properties are defined inthe same representational language, and all its procedures are uniform, i.e., they are property-independent. Particularly in the mode where it begins only with the definition of graph, GTsimulates mathematical discovery. How does GT do on the behavioral objectives of the thoughtexperiment, however, and how would it do on the specific thought experiment task?GT simulates the overt behaviors of the thought experiment, but its underlying procedures do notnecessarily match the ones a reader of the trace might attribute to its student. In the course ofexecution, GT regularly generates examples of all of its definitions. This generation is, like thestudent’s, in order of increasing "size." Given appropriate tester definitions (LISP predicates), GTcan test whether or not examples meet them, but GT usually finds testing unnecessary. GT’sdiscoveries arise as conjectures under inductive inference, but the conjectures do not rely solely onexamples (as AM’s did); they are also based on definitional form. GT simulates interest in theability of two conditions to coexist by planning and executing mergers. Using subsumption andmerger, GT is able to discover relations among sets of graphs; within the perspective of Section 2,this simulates the search for relations among examples. GT models the search for characterizationsby equivalence testing of definitions. GT, admittedly, does not present its work as a search forexplanation; its present control structure might be paraphrased as "learn everything." GT really doeswork in the descriptive language of the focus of attention, but that language is hidden within thecomponent languages for f, for S, and for s. GT is able to construct proofs, but all of them followone of a small set of patterns. Remarkably, that small set is quite robust.GT has not run the thought experiment itself, because the current expression for self-complementary is constructed in a more complex R-language than the implemented one. (Inaddition, the constructive definition for self-complementary that appears as the final conjecture inFigure 5 has not yet been shown complete, although there is no known counterexample.) Thus theKnowledge Representation for Mathematical Discovery Page following discussion is based only on a working knowledge of the system, the relevant R-language, and the proposed definition. Episode 1 of the thought experiment generated examples of aproperty; GT does that expertly, without ever drawing a non-example. GT keeps a list of examplesfor each property and attempts to minimize redundancy with a primitive isomorphism tester(currently under refinement). Episode 2 explained why certain graphs were not examples of aproperty. When GT encounters a new concept, the system immediately attempts to integrate theconcept into its hierarchy of known concepts. One way GT does that is to modify the new conceptdefinition and look for relations among the modified definitions and the known ones. If GT weregiven or discovered the properties "having 2 vertices," "being disconnected," and so on, itsrelentless attempts to incorporate the new concept should eventually produce the results in Episode2. GT cannot, however, produce a definition for the negation of a concept from the concept itself.Instead, GT either reports that its (very fast, clever, and powerful) attempts to show that a graph isgenerated by a definition have failed (which is very good evidence but not certainty), or it provesthat two classes of graphs have no intersection, which shows that the graphs with one property donot have the other property. The precision with which the student in the trace hones in on therelation to connectedness may be exaggerated by the artificiality of the protocol, and certainly wouldnot be within GT’s current skills. Finally, Episode 3 seeks a constructional derivation definition, agenerator instead of a tester. GT can use LISP predicate testers, but its orientation is certainlytoward generators. Although some results in [7] indicate that inversion, to transform generators intotesters and vice versa, is possible under certain circumstances, automated inversion would requirethe implementation of a hierarchy of languages and is beyond GT’s current scope.7.2 Lessons for Mathematical DiscoveryThis paper is directly relevant to research in mathematical discovery, and is not limited to graphtheory. The specific principles follow.¥ A mathematical discovery system should be held to two kinds of criteria: a set of behavioralobjectives, which are independent of any mathematical subdomain, and a target set of factualknowledge.¥ A thought experiment is a protocol paradigm for the empirical study of mathematical discovery. Itis a rich source of mathematical research behaviors for simulation and of subdomain-specificterminology and methods.¥ The view of mathematics as properties (classes of objects) and relations among those properties isconsistent with both sets of criteria and supports automated mathematical discovery.¥ The language in which discovery is described is not completely reflective of the processes thatunderlie it.¥ The efficient, uniform, and flexible representation of large homogeneous classes of objects isnecessary to any mathematical discovery system. Recursive generator definitions, asrepresentations for object classes, can be manipulated to manifest such qualities more successfullythan testers.Knowledge Representation for Mathematical Discovery Page

¥ Examples play a key role in the discovery process: they form the basis for inductive inference,support or discount conjectures, and offer bounds for object classes.¥ Constructional derivation from simple examples combines the power of recursion with the specificknowledge to be gleaned from representatives of an object set.¥ The balance between general and domain-specific techniques is particularly crucial in the design oflanguages for discovery systems.¥ Although discovery may begin with a language of limited expressive power, that language must beextensible. Effective search during discovery demands a hierarchy of increasingly expressivelanguages.GT is a programmed demonstration that these principles are effective. Its knowledgerepresentation is supported by the thought experiment and validated by its performance. Even itssimple R-language supports multiple mathematical discovery processes: correct example generation,the construction of new properties, and the conjecture and proof of mathematical theorems. GT’smost significant omission is counterexamples (see, e.g., [13]); they are the primary target in GT’scurrent development.AcknowledgementsThe authors thank Saul Amarel, Tom Mitchell, Marvin Paull, Rick Statman, Virginia Teller, andAnn Yasuhara for their insightful questions and discussions.Knowledge Representation for Mathematical Discovery Page

Bibliography[1] R. Banerji, Theory of Problem Solving: An Approach to Artificial Intelligence, AmericanElsevier Publishing: New York, 1969.[2] J. Bondy and U. Murty, Graph Theory with Applications, North-Holland: New York, 1976.[3] R.S. Boyer and J.S. Moore, A Computational Logic, Academic Press: New York, 1979.[4] B.G. Buchanan and T.M. Mitchell, "Model-Directed Learning of Production Rules," in Pattern-Directed Inference Systems, edited by D.A. Waterman and F. Hayes-Roth, Academic Press: NewYork, pp. 297-312, 1978.[5] J.G. Carbonell, R.S. Michalski, and T.M. Mitchell, "An Overview of Machine Learning," inMachine Learning: An Artificial Intelligence Approach, edited by R.S. Michalski, J.G. Carbonell,and T.M. Mitchell, Tioga Publishing:Palo Alto, pp. 3-23, 1983.[6] P.M. Dorin, "Aspects of the Implementation of Sequential Graph Rewriting Systems," Ph.D.dissertation, Department of Computer Science, University of California, Los Angeles, 1982.[7] S.L. Epstein, "Knowledge Representation in Mathematics: A Case Study in Graph Theory,"Ph.D. dissertation, Department of Computer Science, Rutgers University, 1983.[8] S.L. Epstein, "Learning and Discovery: One System’s Search for Mathematical Knowledge," inComputational Intelligence vol. 4-1, pp. 42-53, 1988.[9] H. Galperin, "Succinct Representation of Graphs," Ph.D. dissertation, Department of ElectricalEngineering and Computer Science, Princeton University, 1982.[10] H. Gelernter, "Realization of a Geometry-Theorem Proving Machine," in Computers andThought, edited by E. A. Feigenbaum and J. Feldman, McGraw-Hill: New York, pp. 134-152,1963.[11] F. Harary, Graph Theory, Addison-Wesley: Reading, 1972.[12] J.E. Hopcroft and J.D. Ullman, Introduction to Automata Theory, Languages andComputation, Addison-Wesley: Reading, 1979.[13] I. Lakatos, Proof and Refutations - The Logic of Mathematical Discovery , edited by J.Worrall and E. Zahar, Cambridge University Press: Cambridge, 1976.[14] D.B. Lenat, "AM: An Artificial Intelligence Approach to Discovery in Mathematics," Ph.D.dissertation, Department of Computer Science, Stanford University, 1976.[15] Leyton, M. "A Process Grammar for Shape." Artificial Intelligence vol.34-2, pp. 213-247,1988.[16] Ore, O. Theory of Graphs, American Mathematical Society Colloquium Publications, Volume38, American Mathematical Society: Providence, 1962.[17] B. Pascal, Pens�es de Pascal., �ditions Garnier Fr�res: Paris, pp. 73-84, 1964.[18] G. Polya, How to Solve It , Doubleday Anchor Books: Garden City, 1957. 2nd ed.[19] G. Polya, Mathematical Discovery , John Wiley & Sons: New York, 1962.Volumes 1 and 2.[20] H. Poincar�, La Valeur de la Sci�nce, Flammarion: France, pp. 27-40, 1970.Knowledge Representation for Mathematical Discovery Page

[21] T.W. Pratt and D.P. Friedman, "A Language Extension for Graph Processing and Its FormalSemantics," CACM vol. 14-7, pp. 460-467, 1971.[22] A. Proskurowski, "Recursive Graphs, Recursive Labelings and Shortest Paths," SIAM J.Comput. vol. 10-2, pp. 391-397, 1981.[23] B.K. Rosen, "Deriving Graphs from Graphs by Applying a Production," Acta Informaticavol. 4, pp. 337-357, 1975.[24] M. Sims, "Empirical and Analytic Discovery in IL," in Proceedings of the Fourth InternationalWorkshop on Machine Learning, Irvine, CA, pp. 274-280, 1987.[25] N.S. Sridharan,"Artificial Intelligence and Mathematical Reasoning," paper presented to theMathematics Section meeting of the New York Academy of Sciences, New York, NY, May,1984.[26] P.E. Utgoff, "Shift of Bias for Inductive Concept Learning," in Machine Learning: AnArtificial Intelligence Approach, Volume II, edited by R.S. Michalski, J.G. Carbonell and T.M.Mitchell, Tioga Publishing: Palo Alto, pp. 107-148, 1986.[27] M. Wegman, "Summarizing Graphs by Regular Expressions," in POPL, pp. 203-216, 1983.[28] M. Yannakakis, "Node-and-Edge-Deletion NP-Complete Problems," in Proceedings 10thAnnual ACM Symposium on Theory of Computing, Association for Computing Machinery: NewYork, pp. 253-264, 1978.Knowledge Representation for Mathematical Discovery Page