CHAPTERFR = OIMULATION WODELS @
( 2,%) and $59% teT}=F a Libodion, Fece T

(onsider the @SEQ: of simuloding a stochastic process [Xy ;teT}
with the wo& of evaluaking one (or several) performance funchions

T - E(d(%este™),
where & is a fondional of the whole Emo_a@ Kyt eT,
Yot Yokes values m .

@mﬁaﬁm” Becouse each trajectory (K (w) s teT) is %\d_mﬁ%f
mvafﬁ (w) ;teT)isa

defined for each w, it fdlows thot
well defined 1andom varioble on (£2,%).

Erample : Let XK be the amount of Dﬂv_@ kept store-for
<ole im the cofeteria. The manager wishe 1o evolucte the polices

of ordering and reducing pnces for quick sales. Assume

Yot ok the end of & ﬂmaogb% emaining 9%9 must be
discarded. Demand  {cn( W] is assomed o be 4id,
gjven O piice AL per apple (the mean deperch> o0 ﬁg,%u .
Ordering costs O of the form K+ pIn, where Yo dsthe
number of %ﬁ@ ordered ok the end of T:og n.

lere Anxa = % In HQ._Joﬂ the cost 1o

Gl = Weonp — Moo, Cin (1=

A simulokion can be done by m@:@gﬁjw | (X ,An GO}
and £hen the running costs can be caleulated using

=N

wa 7 Ca (Fn W),

n=t

o (opkroous mode) for simulodion (hae-bosed)
- Distrete evertt mode? (event-based)

« Stondard clock model
° Reduced medels (Pebii- nets, transter Eo%as&

Tick-bosed
mmw.nm%oﬁ <imolodion 101%, C Tick -simoladion)

@1@5 of model M deterministic context: numerical
8%6@#%% of Lna%o,d:_@ of o dynamic ﬂyuwﬁ% m@mme
(computer animadion for billiord or pol @Ssm.b. Here the
medel is described via oDE's (or PPE’s rore mb:mﬁf/_.

M%mw - u(x,t) K, eR® ., T= (0,T]

dt
Ko e R is known ao the imtiod positon.

o RIxT = RY is wlled o vecorfied or «drift”

ond im mechanical mm;mé it aﬁ@m_% the %S&m
ok each /8__3 M space.

wﬁwf%w of tick-wise animodion uses 9%?%&‘63
of Hme into “Hcks”or smal) unts of ,@@.nr hso:

% (i = 20+ (x(1), ih)

i=4,... LT/h) , x0)=%.
Tun: If v is cortinuous and bounded ,then the piecewise

linear interpolation X" of the seguence *xodoo:@mg@

‘1 the sup-norm o the soluttion of the (DE \_.,Q@am ashs0
taihinl randiben 4o e BA.



The vaoﬁ of thuis result ueo:oEw From Ascoli - Arzel ;?mo@:.@

mxbém_m . Consider the Black-Scidles model of & m%%&:owsségs

mokion for the stock price:

m‘w < m_.tn%n:wzﬁ
= o

; MOmﬂrN

where BC. denctes the standord Brownion meHo -

Debr A stochastie process BHE),t=0}on (2,37
P

s colled . standod Brownion_motion i :

¢ B0)= 0 as
(i) § B+s)- B } is independent of Fr ¥i,s30

CGiii) Forall £,5 2 0 I BE+s)-BY} ~ N(©O,5)
1
Using a discretizokion the simulokion by-ticks considers the
discrete ~ime sampling:
S(id) = S m%.m Tr +Gh NL y 424, T

(norma)
dist)

whee § 2ijore 4dd W (0,4).

A Financia) option or devivative on the aset i of the form:

mox (0, d({St: £=TD)
and con'be o%éﬁ%&& Egm the discretization.
A Etwopean epkion ! D §se,teP= Sr-K

. < . 4 T
Pan Americon Q&ﬁs. = @\m Mo Stk
A Bermudan @_ur@; L L st efe.

+

N=TNT(T/W) |, S0l =5, C= m%mt_\o
TOR i=4,... N

Generate 2 ~ X (O, 1D
s =sCi-1) *n*m%aj 2)

To make it more eficient, work with g\wxnm}u oeidl
@,%osﬁ% cdrion caleuwlodions

XCil= XLl gxhx Z

m loop -
Yhen SLUN= Cx exp (0L aonbe alevlared afen

- low do wie knous thod Bris will werk ¢

Det Kw@mm_& ;£2.0) be o stochastic process on (,%,P)

with X (0= % O wz% random varioble. A b 88%

simulakion medel forthe process is O fomily of stechastic
processes in discrete Yime, indexed Um h>o : .mwnrmjﬁ nen)
with XY = % Vh, that sokisties:

Vte ol im X' = X8,
et

The mgévo, =3 means convergence I distribution,
E_ most ﬂm%og\_osnm dunckions are :_Bo_\iw COrMNUCYS
and convergence Q% \w X"} is suFficient +o ensure convergen

of the corresponding discrete performonce Hunekion, but
in @m:@ﬁ , this _‘m@c:mm vexificodion.

Barree: ($r-K) emmﬁ,\m ;t<T)



Eranple: Queve
. ,
Erample: Queueing model TCFS @ (onseartive gueue ,m:m#s sakisfy :

111 1% “nO— Server :
m l) = - Vn
Toisson qu.copm AV @ ) aom + ko=
quene o buffer Tsthis @Scwf informotion? Row can we krow whok
\b: is

N(E) : nomber of arrivals upto time £ (~ Poisson( AD)

w W; 1id ~ G ore the consecutive service Times. 4 = mn ﬂs . N:W Ay = .L
' K=

Example of perfo ook . _
/ P .@‘R rmonce or dbjechve fundions are .§8.3 guetle we con m@%\% the ondom variable & . Buk o will
ength, pobobiliby thot the queve siz is lagr than o given Vahe,  gomplicate. 4he code with all concurrent arivals im Quaite

ondociliy ok e waiting times of cierts & 14T i howtng o o wues. Anchet possbivy

o cerkain value, mean idle Yime of server; efc. , ‘ .

r ) ] # P@E@iﬁfos of state mﬂQomx_no indode 3@30@ vy Serice !
ow do we build o continuews simulotion? leb Ry = residual sevice-time at peviod 1.

"hen Ro-4 1§ Razd

Rop-a =
|Sres | Sriass, £ Rn=0L0n72

h
Thm: et \M>5w ~ 40 Bemooilli random varidoles uith

poomerer p = A, for >0 smdl enough so that Ah<2.
Lot Ry e the nomoer of arnivals, Y~ Bin(n, Ah)

Then Sor any T eR, service compledtion dorng

because if Kn=0, there is Q
owed ,ow anew

" = Toisson(Ab) Do peicd ond s mmedioiely Foll
n T 3
fo customer enterin service |

n=t/h

mﬂéo_m in references, §Kﬂm%? efe- |

For Fixed. I (we udll dvop the subievipt notodion) we have gn=4,. | k)
Ay ~ Ber (A e 10.4F

Gl = QM + An = L (gu=08 G0 =4)
R+ =(RM- Hremy»n
._'wglm:i\r \ a.mﬂ?quom@mjaﬁy

Dy : number of senice completions m (nh, (] The above Mm,;m:g of 8%9503 con be simuloded

Q(n) « queue size ot strt of pericd. Herkively. Because §n, Snlj iad , thenit
+ollows ot yCR O R is Horkowow.
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&%\F& X = Mmgojwﬁo\oﬁm for mzm.s h>e. @

h
» Show that Mmﬂi isa Harkov chain intwo dimensions.

Now momy closses 2 Recurrence ?

> Shous thot as h>0, %ae for each teR the random
sequence $ Q0 )} converges distribukion fothe
%@a& QUeue FLoCess.

Ask stodents abeot iniiall 2ing

o/, servicefirst _
1§ REM =0 /b completion of service
1§ e > o

m Xy = @OM-4
Genercde Ea~G&r

. Rn+1) = & | 59/ \

% QrVIValS -
Genercde An Ber (W)
Q) = ROM+L
T QM =4 o first costomer

wm@:@kﬁﬁ E~GC

Reu)=8L 5/h)
°/oclock ~Hck odvance clodk:
R(ns) = Rin-0-%

Trporiort Queskions i&ga Limits valid? Rous can we estimole

QSX,EQ%% errors? Bous small should v e All of these
wﬁu. onfﬁjnhﬂwm*c%mo, ._Slff@\ﬁ._d_@@ﬁ Simol ation.

APARENTHESIS TOR MORE PROBABILITY
Def: Let §XnsneN}be asequence of random variables

—_—

ona common ﬁ«og.s& space (2,3, and X o ondom
vavicble . We say that

* X convenes almost suely o & if
%Tt.&%ﬂs (w) = wﬂmcbq =1 . Xn—=>XQsS.

N9

» R conveges wieakly or im distibudon bRy
lm P(Rn2) = PR £x) Jor every 7R

Y1500

thotis o ﬂogﬁ ot continuihy of F () = PER <.

E‘_ mos:o@%om i disbibution s Rn =52 s
S,cz%s_la the condition thot for every conkinuous

ang bounded foncion g R-=>%,
Lim E{g&Em ] = ETQ GO).

N>

There are a number of importart theorems that can be
uced o establish converence  Dominated 92@@@@
Theorern, Honotonen @03@@%@ Theorem , etc.

e i e 4
zoﬁégﬁo: Sfor event-based simolotion (notas P- qu-45)
gEy L S tservice fime ~small h

< ? for accorgy

»\. ,\» = many 100ps “do :o?@ K

time between arrivals dea: jump ahead

7
~

one mo



(B Disciete Bvents Mede c)
ﬁgmm_g site S ( usdolly but not alwoy s coorttalole)

Tossible evert seb (finite number of distineevets) E , \El=d

Tor cach xe §, T(x)c Eisthe Mmgjuommz@ everis £x.

SD.:J_ Q@SDS\S,,DW : g ﬁcﬁ;ﬁm:
PC Xonpwe =j | R o, event-€)= PG 50
5

Clock Qusbés.nm L also kwown amd Harkovian:

P ( time Bor news event®s ¥ | Kpeun = i) = T, (£,%)
mst distbution
{ known)
B, P

|
2T
es o

2

en |\J\\|\\,\ﬂt >
nedtevertio €,
Wu&%\ﬁgfgm
n T b o%%:ﬁm the store will ucémﬁb_\: X
1o arpther %ﬁbgoﬁ_g@\«o the Awgg_oi@

% N Mﬁ::m&: £ = ﬂ \X‘@\U
4

7!

z
advace clock omal iu%d_m

1§k.wv GENERATE NEW TIME FOR.
NEXT EVENT OPTHISTYPE
>
’ evert, is o Morkeow Grain on Sx R

Der: A @A.Moﬂ.@wm\mﬁmﬁﬁwo@v Zion (2,5P) hae a

%Z%.m% ooﬂmvo:m:ﬁ Xe ond o dode 83%@:@# Y .

let :

ieT(x)) next event

elx,y) = orgmn ( Yi
nextrexent

m?%.n _\Ejf?mm%ﬁj hire fo
2=(x ) C R%R

Tob( Rirz€A | Ze=(xu)) = Ps (A L x,elcy))
forany A€ B(S

6 1+ e(x.Y) then
V\mﬂw\.ﬂ @oi%%

M\\_f_i‘m =

%ﬁ V\mmmffmm‘wf mﬁ“m%%nmqn e (6:%)

where Py (- 5x.e)ae well defined ﬁ\&w&%\f
distroukions Jor any xe 8 omd £€ E ancler
och evert 8€E omd X€ X, Fol-,x)is O

well defyed disbibudion.
Repork :also called estocdhaic-hmed auomora”

Resultr 1 1o left o an eerioe for siudents T show
1hat Hhe embedded discrele-ime puocess

mj = MNN«HM . 9\?9& i H\TEWO%AL.T

Mso colled “ Genertizad Semi- Markov Hocess”



'6)
(1, Y2) listof resdua) arriva) 4)ord %@&ﬁ@urg m\ (@) Sndad Cock
Qéw@:uw Y, = Cenecitz new arrival)

g%_m m elecom router
M\IW ~4d dist F (ot %%291_& o Poisson arnvod) ¥

Mm.; ~ird Aot G e o

moin ~8~v u pop OB
J_% @HO -+ &=4 else

@nD@?sjmv\\:v\mq ez} ; ! /
>

= min (O, ¥2)
cose(e=1) % arrival
&= @+i
T~7 , J1=T Yonew inter-amual

—m
=
=

IS L W
cusiomen

2/ N\

Exit queuss are clasitred QRoﬂ%swlrw prio
(oice video, eoltime, elc) . C clases

How mony Quetiest m 3®éo%mmc2

Codn “switdh has  CN wm«u& (N is the %Ev@o%

Q%Smo}md, 1§ thee are M identical <usitches im-he o
network. tren theeore ONM 83@@& ﬁﬁcmwu M

BR=-4 > %= E~G
case( e=2) W sevice
611

LTA>0 = VY3 = 5§~ G “Wnew semice

fow mony everio m B
Peach &@%@mﬁﬁ . 4 residud) service
C residual arrival tmes
Nokce ot {Zn}is o Yarkor droin ovdd consioer the Needs # MN (C+A) clodeo im Ust
rodurol filakion. @ (24,.- 20 = Fn. List search can be slow, even® heap or other methods

ae wed 4o accelerate,

whot is the simulation mede?
Vorddles: (In, Yan, Yz = Zn

Stmulodion ,Podﬁa%g SST Wahly ecommenoled

£t (onsider the Phapica) process @y, ¥ 0% and
let A\Ncrwwf-. } be 4he comecutve event or Jomptimes. Fe
et F4= oGy ;s<t). Explain +he difhience bebveon S amd 5,



\
Assume that residual Himes ase @@3@%&5 distibuted & @
Soﬁm%n@%
Result Let X LY be mxmo:@érgb WS, ENQ MMON Space (2.8,P)
i wilensidea A1, Az _@ﬁ Then
e=mn(X,¥) = mxwm‘y,_ h2)

E Plest) = A_T(e>D = 1_P(x>t,y>1)

A PRSP =
- H._. mws\\/;.wmwiyu.wl 1 mwmv,;ryu.vﬁ

- e @%Si»&.
g_, let (W,.- Ya) d 3&%@@% s usbh @woz@%&
disliibution of inensibies (A1, .. Ad) respectively. “Then
e =min (.., 7)) = exp(N)
N = MW?.

{=1

fg et <Nm% () @§§§ be the next
evert kime , € =yin N, - Yd). §§ & = agpin (h, . D)

then P(e=11Y) =2
A

émﬁaoﬁ i lePt a5 an exercise (start withd=2).

Gven E, (Me,ec®)
Deb: o stardad clok model > 0 sodwshic paces { Xinp 2}

s Np- 2 1o

R ee T(%n)
N3 ]L mw% R}NMSJ PR L_I_SAN.\.,.O 3@.&1@%&\&1

AW:I =€) = Krm.  ¥e e T(Xn next everttpe
h

%mwﬂjt_ms, /WA:J = \_vmﬁbwnxu mg

Thereir no searth ?5:@5 ot %Ro_ up-

pomple : let O(m) the set of exitgorb ateach
m§¢; EQ%S we %Eﬂ&d z wing

N A\P m_)ni ie O?QT \L‘:@p voqq
arrvals Av\ stote %ﬁ@oﬁ@g@

Remak @@%rm%% toother thon m%%%_i

£ Keduced Modéls

. Process-orierta) s mulation schemes (Cassardms)
and Feii-net representiation,

» Shote ogregation, @éﬁ%,\m simulotion madéls (; faper
on ,:Esw@\q Ew&o&m and bus Heet an g%@o&




Hocess-orented models com olso be vey weful. Tnstend of u@na,o:d@@ (&) () (d) are colled “Fransitions® { Son éﬁ?%ou

?maus%\snm interms of the time evolution of the stadedt the .@%3\ E% marking: one-token & 1.
ﬁowma%:m 0 ochvare it s nece 501y Yot there beokens w the

thee medes Emaeﬁ» the various™ piocesieSdffecting the &amg al nedes tnok %@ilo the tansiion
o siwilor way thot o Gauntt or PERT chark erderr the various

, Go trrouah loaic : ‘adkivoke” ar ivals.
&q@mw m @Srwuﬁ 3\639%3@% ( “fosks*) . J o&_ "

or “epochs”

/
Call h»\./:w the consecuhive .ﬁ::@iémm Sor tonsition @)

Tetninets are wed-fo ﬁmﬂ%ﬁ the relotionships of man&%om\ [note that they S?m%%g o customer araval Yimes). @l

recurrence ond inerackions o follows . mei the consecutive $iving imes plor transition (d)
- Nedes indicate 8:%,@@ &g@mm these are customef gmw%ea ximes. Tinally, aoll T@L
Y T : Hon the
« B roppnt: oresses B the woikinoimes the @ place (the mwcmc@
causa)l .
Ll ol elons -4 oken amsk

T§ Pr < Anyy the net is of same o iniiol mading

so thot Wns1 =0 (Qs scon oo (00) fires, the fokens

sl tosition s ). Otherwise, the Yime that +he

gﬁmw otthe FCFS queve

== tansiions

oL
@in%nmp ® T O sites called “pos’ nyd - st dolken how Yo woit fo ﬁm@ W@%&? S o %6&&
/Lm A —>  How relodions, Wher 277 Angr - Dn Thot is :
\’ aalled “arcs™ Wiea = MOX (O, Dn- A
mm/w\wn, ° ?a%.wﬂwmmw _ag_a Flowr On e other hond, following the customer’s process hs%%
@Wm,l s e s D= An+ Wt Sn ,where [snlare the S.Emnc?&
senAte moo éﬁcf.ao, e Pire tonertion S. o %m_.% !

a: orrivad of dieitto , olwar ng<®¢£§& “ ta are the
ATi}4ad infer-am Hmes s serlice intiodio
& F queute 576 %gwﬁulcﬁm imed. Hin expression’s also Knoun 0o Lindley m@%o«:%.

_. & >t _OW.M.MF ?..Qn - . - /
W | _§n&@mmﬁ_ @m \m%_vwﬁ; . ! TF X () = WntSn derncte tetadime Hhotcuslomer

Wpes = mox (O, (Ansr-An)= CIESAY



n mﬁm:% in the .&,ln? then % uﬂmﬁﬁ is a Markov @

choin on I,%fm wﬁc&m ﬁ+

XC1G~ G Do servce dishibution
for n=4 fo N do
T = Generaie TrecArivad (2
S = Genecte Seice ~ G )
Tf (K< T Xl =3
else Ky =S+ (R DM -TY;

ested in evoluoting statistics abeuf the waiting
oion model v much .5.,312 than &3

I weare ime

Limes then oo stmol
b or evert - bosed simulodion models.

ﬂ\égmﬁ : 2%01” cor PO k.

—_— —

why do we simulode
o Research mcmmfoﬂs

*Pedormance fonckiens

m%mﬁ%@i& \.@m%@s
ox%oao_ogi ond 48/8.@& SCermnios

Cubpuet Avolgis
Efficiency of & Simulation



