mec_mm 2. (qenerodien of “Kondom Varobles R |
“Det: A w%ma%w of a random variable with disu -

Assume thok an infinite sertes of tid uniform mndom -
voridoles on (£2,F), Ui} idd Ui~ UM bution T of .:3& 0 gpneraler of dishibudionT,
is an doorithm of the for m:

is “available” QM:D:@ prog’ amming S:@cb@mm come

with . “randorn” \mch;@s that 1s Eﬁwohmg\no m?@ﬁxﬁ X = % m_d\‘(:. \,Qwu |
such o fequence. where 3Ui}, on (S,3) are t4d uniform U@
| . dapted
Def A rand ber ond  is @ fandom Stoppingtime. 4 ap
Det « A random nuryicel generador™, or 362.»\ 8:%:& . v 4. G(U,.., ). The mgma%_,é%i%r
o @&Q@.@%oﬁjlxﬁ%@ m@ﬁ&ﬁﬁ IS an &@o:z:é (Ol %mCs..;demu& e e
oF the fom Uney= Q(Un Uneg 3200 suck (i) c<eo wpd (Qesirable)
thot for eveny i the segence 0nl,, 19 () £2) mall”  (desiabl)
stokishically an iid squence s rv's on @O,
RciK
T A well, 7 Wo _m_u@m% measure oNFE. Y ethods or feneitionof BV S
| Hethods -or Gnelo?™ = = -
m:ioqé@ dishibuted) then U= o (We) & U0, 1),
“Rondom variaes” . Tresse Tonckien Yiethod
Remarks : . >8%_5:8‘ \_m&m%os Hethod
(1) k%n?gm\,o noke o&%& look _,9%0_,..83%_3& . moiwoig. (opwelution, Tromsto mroions
(2) Tost Oﬁmﬁ«ros __ mggu:o.%&
3 stical h i fesh
sm ) St ypetheris festing s, 15 1oun
Felds o}, mothernod(es : 5%6@?8@*%@%@” crypio- \m ]
—E)

hu, , Fodsics .
%ﬁ & n -7



@ _The Tnverse Tonction Method ~2-

Mvm.m.” let T R Co,4lbe a distribution fondion (bws
ywerse Afunckion T4

a so:-gmnapm,_jm fonckion). The i

1§ "
..ﬂnmeJ = inf (x : F )z w) , Ue fo,4}.

i =
4 O Fx) I w
P b ~ - -%c .
1 t
o) . 1 o

_ _un = ﬂlﬁc& } Nn.ﬁr&
Corkinuous discrete

WA
F-'z)
Theorents Let Uw UC0,4) be arv on (52, F)and define
X (UY= T 4(U) where T is a distiboution fonchon.
‘Then the v K, defined on (52,%), has distibution T

Prof @ if Tica continvous distmoukion then:

Pl (o) €)= POF 3 (U) 2 )3 PUST )
=Flx) , ¥xe®,
i Tis adiscrete distdovkion 4hen by censtruchion o%\.ﬂ 1,
X0y = ki YF(K) ¢ g ¢« T}

so thot
P (R V)= = Flan)-TO, (because Uw U, M)

which @og the desired rault. The yxed Aisbbuhmwm case
W Snous Usna, the abore reuls. GED.

Bxercise : Show the Skochad .\%@gﬁgs theorem , Wing the
wvene fonckion methad.

See ecamples im "Ross (Srmulokion): UR.

Remark: i o w Is defined o the inverse funcien mebhed,so
Bt (W) = F (V) for U~ UCO Y, then KT & non-de -
Oﬂgﬁsw fonchion of U.
mxgsamm mmémw_%a Let w Ja,.. Ja} e 440 random voss

§§§§:9.3§¢o:ﬂ§m ,E_v_vos thot we withto simulate

bhe extreme volues:

R=mox( Ua,.. I, S - pin (Y, ).

£~ (Un) and +hen ﬂmano:: the

I we mm:mn&& each Yn =
_ ol effort

searcn for the edreme iues, then the SE.OE&%
P @Q&owz . A dever é@é @mﬁmawm R ond & more
m%ro.,m:*@ We Eos&d_\so_«f of “F "#(Un). Indeed

Mo N \,_n.-.s_.ﬁcvu.: , T4 NC«QJH \_.Juuw NﬁDQGA NCS.JC:/J =R

ond wﬂ:s,o:w Sor 8. Becowse ) Us,.. Unj are ddd SICYD)
we know that Yne v ot incre  K-Xn oder stodtsdic
Uy ~ Beta (k, nra-k). Tn particulos

% Uy~ W™, weolloM

B Upy ~ AV, N U0

So we o:f need o m%ma»m one rondom varnable and
et B o=F->(Wh,s=F" (4-W) . whennilage
hio can st convidenie execudiontime .

[ See otrer examples ™ rekerences |



Tor the @m:ma» discrete dishibution, the'mverse funclion 3T
wethed considen -

X(U) = win (k: T U FERP)

whefe ﬁrn Px=k+1), Ifa uﬁcm_}& search ' uoed :

F= p(0) ; N=0
U~ U0,
wihile mﬂAdJ do

N4+

T=F+ ﬂmzi
end (wimle);

Rexurn (N).

Hhen the number of iteradions 2/ of the while Sowsp
ondom 3c§g®m~p®a_:@ on U, and. it sokisfies

Ey = EX+L when XK€]0,%2,.- I

Yoot : let » be the number of %an_\m and notice

Yat § X0 =nY then 2=+l 83_8295 bedween
Fond U . Thus 2= X+ QS _which also implie the
et

gﬁ@@h@@@ 1o increse the @R.Qm:& one canUse
beber seath metheds, %ﬁs&.:@ onhe distiovkion.

Exs @&?@ @hrmﬁ : consider Y70 an .:Jw_mwbsn debne
the budels :

P = .TA.. Tl e &2
hospme first thot Em = Bm=¢-

m Bﬁi k=0,.. H-4 .

Ba = o} Bz={h 23} Bs-5 4}
Ba={5.63} 852485 10T
Lot ay = min ke Bm e the Fiat element.
The methed of budkeb ®m3m5§ Pat the budst %ﬁzwn
O~UO, ) m= LMU] (fost owmago_i
Then it dinds:

min (K2 %wm x> V).

5 Is this methed more efficiet ¢

Lmv& consbuckion, A= Lo + tm -4, whee tm =4 Herodiov
when seardung ,oc@@* B, Pwrs

EM = ;I:N.LFT?D
and B A ;IMLARS\,‘THEHEJJ@%@@

mmmj.f NLR_S _

which shows that mOQTe >, mmj when no Bm o emply-
EXercige : consider &S@@%mﬂ& ose where some Bm = ¢,

el

and aroue thok Hhe methed moy be worse Yhan divect secch.



Examples of Tnvene Tordion Hethed

m%o:m:focn £{x) = Ae >
Set U= Flx)= 4-e7 | s that
e s LU
~K = powika

= Jnsu. o n ~
) = %&w: W)
wWeibull mg_@ L %50

ey

Pl - %m,iﬁ P 4ox
T W = Tmbsz\:df
Geometiedishibuion : B(x= k) = b (A-p)", s that

P(xek)= 4 - Q»EE , and the invewe {onchion con
be evaluoked 9:95&85 :

T = H

bj N\TCU v
dn G-p)

SeeRoss

Genexd discete distribukion vio wweoe Aundien mebhod
wse o ingar seasCh method 4o-fnd the nvewe dunction

ROX=D =5,

: n_u-uﬁcq = §>j,ﬁw T~ CJ
= ?3 . N =0,
U= RANDOM (seed ) )
wlile (F<U)
N=N+
F=Trp (),
end (while)
 REURN (N);

Exercise 1 Write

your progiam do %:Q%& o Rision v
lU] ) .,3 Vi O.

Excersi how would

random varioole i detined

JOC’ %95@@ LOCﬂ wde l‘v.wjm
with yplue WN\WKL. only ?

S aE | T

~the nomiber of itertions Jor the Toisien v Mok ECQO+L.
Ross % KG e Esoé\ seorth inttead ot \inear search to
Oecelerole the procedure Jbecause now the expcied numbes

of itemtiony b rediaced do 4+ 671960 judvich much beker
for ﬁg_wm X,
Reodexng

E@W&\@“ Irutead of performing a linear seoech,
the ideaio Ho re-order the ﬂs_o%_,yr.g [ Pi=D=pl)]
n decreasing ordero perform the-sarch. >o88_3wé ,
one must keep the lobel of the %&3& volue.



lmn

m_xgsm_m,.
Lo 2 B 202 X oy that we
%4} worth 1o w@\_@%
P BTy that
ﬁ@ .ﬂ@; ﬁ@ ﬂm; ﬁwv q&: Ty tho

¢ ortain the labdo

VICAES "W R/ Gy %
N
Y |
Ko)=2, %mbuf%mﬁnomoﬁ.
Cenerde Y and then b X)) 0n the reqoired ndom

varicble. Because the ﬂ%@&o%ﬁ.@ are @-ordered it
follows that B < E(X) .

Proot: 1F X e)0,4,.. } then Ex= 2LB(X2K)

ex= & (2,50 8 2
. S0 - 5 L
We krow ot p'#) = p(§) ¥ o
2
(o) 4o finish

Do Sckidscian 191 Wioo Yelhod oot (ot poyer)

P:%Sm methed

A @gmg methcd for generaling o.re ko we a w that
is “epsier or foster o @%mﬁwbsu defne odinction
fo recover the o:.o%s& volues .
m@m\c%, K discele v, WPX=k) = Pr kedo,.-,n}
et R be avedor, R e (0,4 foreach,
let A:10,--,n} = 10, n} bea ﬂmwgc_ﬁros
fonchion  AC =k o the “alios™

s Genercte Y~ UJ0,...,n} ond Ve U4

o It U<ROH = X=Y
K= AlY)

else
whot 1s the outcome of thiy 9@01«?3@

PV . LR+ A 7 (A-RE)
n+d n+id .E..>£uuﬁ\w

Thus, it suffices o define appropriote (et ;Eﬁcmv
veclors R and A sudn thot P X=b) = Pe.

There are ways o crente :o?éo%. foble for spedup
of the algorthm (1419, Kronmal & Telerson Jr )

@\@m@\w” Poisson 1v:
(&) Direcr inveae Aonckion

QH.VJ Let r%?...x_\.u..w lid
P. 20-2} Simuoacdn

/N Binory seardn (Ross UR. p.56)

exp (N, then Ny = min(n: Wx& D ~Poissn



. \Gr
(b) Accoptance / Rejection Methed

Mckivotion X~ Zm_uvq&

T m\xdu A hxm\ m&rto.w\o.wﬁr

m no osopm?ma
zna nverse .

by a»mmﬂ@ (Bela distrbution)
_ © g g mf% d
o) = ,_o TEOT(P) ! u
ond momy cthen may it o have an D:D,&:n& invene .
_Eﬁ methed iy an edervion ef-the Alios method Hhok v
bosed on +he chgmg thot o random distnoution
G is qgﬁ.,#owmsgwm. Let Yo G, ond now im
to find 929& W @%@ﬁ_ﬁ the- ﬂmmcﬁ.ag disbiouvhon™
wing o particular funckion of Y.
mégm_m.. Uniform im cidde
i
e X Ud,10 \ J
Yo U0, / s\

as ceordingtes and © 1
035 ke thowe ﬁoi& ot Ve ruide Hhe arde.
Does this work? ,a_puw |

HE_. Let M (Yn ,vd.:u w:v\_ be \Mjo_omumso_miug Yo Fd‘zV

whee Unn (0,0 and Yn~ G (densily 9 io osi umed
conkinuous and bovnded)  Assume thot

¢. sop  F(¥
wefl @MMO

for the dersity £, ond let
ﬁ«% - ¢ fQ)
mum%

Dekine o random io%iw time wat . TFn =29 (U Y .rm_w
_om _

<4 0

<1,

= = pun (n:Un < ROM).

Then A= has o ﬁ@v&o%f %3:_& f.

Rewsri: The preudo-code Ho expren the defnitin of X
n the theerem o :

1 Generate Y~ g . Generote U~ U0,

2 1% U< RO) +hen %=Y
Ele GoTo 4.

Yook By construdhien,
P(K2x) = PV €)= W(Vnsx | Un R (¥e))

= P(Y2x § ULRON)
PAU<ROG)

(% %)




“The denominodor con be (levlofed £ tonditionng : -

¢ - ¢ - s
POU<RON = [RU<REIgYdY = & H w%%%&
R R
. ,MWJ (because T~ (o,1)
We do similorly Her the nomerador 5 condition on{Y =y
P(Y<x, ULR) = .ﬁ%m@m»udmﬁ @:%u%mm%ﬁ
R | |
= RO gL dy =4[ £y
nnw S0
= Wﬁxmbw

é?%khswm* %) ;%mg the denrd fre2ult.  GED.
See G@«%@ fom Bass, and a%%@s EJOR 2008

REMARYY The todio \ﬁ\w of bwo densitres i colled in stodistios

Lhe “likelinood mdio” When _,:_mw%@wmo, @ o rondom voriable
(a(y)-mb)), the rodio b o \mono:-z@wo&i %:5&%@%
Lwrt. 9~ EN dexivorivey are wed 1o 0593@@ the TEWQU_EQ
E%cc@ M st_owgg woy Hhod-one we change of vardbole
m odinowy calevlus: Tn simulokion, o:psmmo% measure

#moss_,@c@ are very ,,_31019& and we will be seainq
some ot twis loderon.

Thim: “the expected number of tteradions E() imthe
AR metiod, o E(2) =c. Turthermore, T hoo &
w@oEo_%o distbution .

Rk et Tn- L (0n sR0) - Decause §(Un Y
ae independent, then | Tn form Q,M,m@ﬂc@omo%?oﬂv
Bemoulli trials with parameter P CEn=t) =TF(Un RO
He (s calevloded in proot of-thm). Because ©
repeato the fint “succes™ m o Bemoblli trcl, it

Follows that ze Geom (). (ED.

The iebhed is alio applicableo discrdle s
Thm: let X be adiscrete- v with dishibuhion

\:vﬂwﬂ(.n.\ﬁdu Mu..n .
Let 1G5} be oncther diserete dist 70 =4,
kem
and suppose thod
BT o Do, REp=
jen 4 “

ek} Gn}~tad UGD , L {R] ad ~ @ =493}
and define = min (N UnsROWY) . Then

X2, ~ fpjjand T Geom (e



E%Q%os LOMVORAIOND | VGNSIoNnmoony ;4-

B Consider the rq@@?s@%& distioution :
fho= 2 ﬁp? ™M where i el0,4], M.?

Flx) - hrm_éu 7 pi (-,

This dishibution can be .Eﬁﬂ@mm w Q 83@&03 of
W andom varigbles , eadh usth an expo nerticd distmbuhen:

. watigf SRgsnn

J=4

T~TC,0
white (U > PCTY) w Geneies T~ 174
T=Tt4; W¥nd I
V20,0
%=- & In(4-v)
2T

%%I&E.
(brwokion ¢
.#%A,/\m,: W_.ZQ @Aumo& = A= MLN. ~ TN

Combine with ‘invene
d 5 ) - A T
X nwﬂmw?qul n_»msmmﬁ.c
S0 ,.uE_n one Yime. 9_@?%.5@ ﬂow&:_%.aw (con %BQ _%J.

HBE@ modions

WR@E%,WM“ o Box - Muller (seo Ross UR)

F T2 ~ Betnle B
T T

wse \=A L for g%m_m.

THime m&:&ﬂ shows Yon Nesmann's methed Jor
_wgma._%m %w%@%&m,



"7 ook (Ross pp. 686-0BB glves a dirierent onefiom mine).

\/MW: Neumann's methed o mm:mawm an %wu:@}& dist.

Nolice that AR method is based en the \TsoE_.:w“ let 2K~ Q%TD. .
Yu G isa v #hat canbe genented We first we a composition method with subinfersals Ag= [k ket)
A~T js the desied vv o be mm:mi& - k=042, |

Then by conditioning: |
let A b such thot - _
et A be an erert 30 Tl ) Tl = L ohT (1A,
PR €)= %NU\MR,\»J\ K2, 0 . k2,0
where xeR. Then AIR methed i based on 1\_&9% where ke ) |
simulokion of Jond A (the acceptance event) . ol = POKeAx) = %m-xux _e*(1.en (D
sothat olg are the @mo%mgm Em,.msﬁ, for p= (4-e ),
The method %oﬁmmsﬁg&:@ A~ ap (1) yithout the Y sy y
e of _.om@s.mrgw or ﬁwo:@%%.% the @:oé:@ L WX < rﬁwf Xm\yDn ‘ﬂo W\Wﬂl\m = A\;wm.._ mo e"*ds
STEPA » Generate 44d d‘mo_@ umoacmﬁom d.\:dwu.: | = WH!@I&. ) | (2)
ond m.jo ot 1~ erd
Nzmin(n: Un< Un), which is E%msso_mér o k. therwelore,
step 2 : 1f Nis even then @o._a STEP 3. Ctherwise S X EM+Y (3)
ﬁm% the run and moé STEP 4. M ~ Geometric (4 - e)
. oY
step 3. K=#failed runs ﬁ:\—m Uy (the fest unidorm Y has distibution P(Y4 5 - Mr»w\mmwl.w .
_. succesol . }
" e ) Se6Res3 p. (86-687For the follounng reatllt:
Theorem: The _§c_¢_,:m rondom variable X has dis- P (Nis even, Uy m5 =1.€  where (4)
bibvkon FTx)=4_-e™% ~ N=min (n: Un< Un).
From (4) it follows that P(Nis even) =1-€7,80 Misthe

Let JNG} be Hhe consecutive numbes and Z - ntim (n+ Nniseven)
we sows that cvGeomCi-e-). Ross 688 shows Yhat™ &

E 77N =8 242

Aumber offailed wns, and
ml..l@;...u wcﬁr_or S MHQP_? mm&

ﬁumck,m;u | N is @R«y = e




