VAR ANCE REDUCTION TECHNIGUES O,

Simulation meadel: a precess. on (23, with ks natvd 4 hohen
{‘}n }nem c 3 The estimdlor of the desired q(“anjf*ﬂ 6 i m
%@4@@9 o 4oncional of a sedhastic precess .

Thnthe simq?les’c case of did simulation rwns, one b interested

M 6 E(X\ ond SlmuQ’hOﬂ) are cwumed{o PWCQ ts!
 voricbles | Xu, X, .. }uﬂ%h{;me dnstnbuhon as X, or Gppuoxi-

mode distbudion .

let X =h(w) fera giren representcion , we S, and
let % T (dx) be the (FYObel‘/A’b) distibution of K. We can
write & m Awo woys :
6 - ECG = j h(w) Pldw) = fﬁ(m .
= S
REMARY: Becavse we are interested anly m €, any. combinohm

Oﬂcéﬂ, 0 ek Hokhos the same value eqn be
used. In Par&l‘cu\ar, E(x+Y) =6 ¥Y such¥or

EMW =0.
> = ghwmdm _ 8 1 4he bias

S

MSE = g (h(w\ - 932 Pedw)  (if (6 =0 = MSE :\lar>

£

lo increase the ef«cia'ermﬂ we ek 4o REDUCE +he
yanance .
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?@@Sﬁi@: Eﬁ?//ﬂ/fé’ﬂ Let L(x)=x2. TF Var(8a)< K< EO_@_Y__TPE\_G_'. Sirmulodions where Yhe vsual  CLT i valid,

for ol n, then it follow, fiom the Dominated (onvegence

Theoern Bat lim R(e)=0.

Ca00

. e

E>o <uch thot
,0/{1’14 CrTQCCw - 4
C>c0 %;

then 1 b called +he @gﬂmp_‘r&@c efficency ke omd
% b alled the a_yarg(zb@f%%éﬂ,&«f :

Propasstion: Let } B (), €0 Jrepresent cur sirwlokier
odput and et L(Y) be aloy forncienunth L0120,
L70)20 and assume Hhot Ay 4%

NT(Bem -6) S N0aD .
Mso , assume ok 3 2>0 n M- A, where 2

is Hhe cot e Fg(fepl/imc\"\on (oev Yime) m+he lOna Yum,

> ’ L) X a2

W" (= 2r ) g 2

T: ]E becouse uwa\\é

L

A@n: 4 PO lds a sample g

onad . .

T (Bn-8) = N (07%). S
Tn ks cove, 1+ simuladions Q%Uimﬂhesame
amount of hime A then (=1 ond wehave,
Lorthe MSE Andin LOO-X? Jhak:

r: :L) g = 4
£)a*

Remark: S()ﬂ?ose thot there are two erhmaodon

-

. Ya(n&no\ Y& ok a Pomme'\ﬁf b o Aiferent
gimulodion? -

The “error"4+erms o€ aww b&‘

W (Vi) - BV x0T N0,
(Yo(my-8)* = N N(0,G2")

Tor same error, which one regule tn mote

¢pPUHhme ? |
—rade 4har b lar%erin @\z&m\d& he Longsms.
rolole
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SIMLLMION EFFIQENCY AND VARIANCE ReDU CTION 0

(e GmSpider)
. (orkdence intervals for estimators O of o paameter 6,

assuming g = E(d’)('xt;tSTﬂ for %t astodashe
process on (S, 5HP).

- fove Apywximafe confidence intervals are based on
Qhopwxima&w‘om fothe distibution of 4he ehmaor &

. Centol Limit Theorems  CLT puovide welvl appuoximalis,

uise informadien when Possib\e nitead of aﬂ)mxim&h’om
example Bearoulli C@ = Var() = pl1-p) se a wsehul
shmole of variance Lo P (4-p) intead of usaal

sample varionce |

M" The sample variarnce vo

%@ an: IR Zn__'_\(Xa-i)z
Py
CLT's +heereps helF +o s ohnole aplpwx;ma}e
i dishibutions of the ERROR terms m the

formi pe(B-6) B N0,

“Hecision aﬂains% Sfeed

Xt aspoon (52, %1 P)
Suﬂm,e Lot we wish Yo ehmoke

5= E(PCre, £

(T canbe +es)

and we use n ré‘/Fl/;ca)dom of o simvladion (or
slepd im along-un gmulokion) | do obtain Bn.

We assume Hhat

/én > E(bxeiten) wpd

n-o0

Q/\m /én = e \N(\Pi

n-00
ondm sorne oues W will alio have Yol
,Qim E/én = 6 .
- o

C(n): g cpuAme or <ok cuommulodive st
of then ra@j\cahom.

L (x): loss fonchon L R — TRY a.convex Bonin
with L(0)=0. Normally we we L (X =xZ

Debmihion . Given a dpod simulation budﬂe\'C)
Yo T &) = min (n,0: cCM=c) s the
simulahen time , ond

) p@;ﬁ@ (L (B (e -6)) mi\i\

—




@ Efxam{;lesz awtats (we the oPHon ‘on‘cing\.
(Ross, CH81.

et X4, X2 hove the same distibotion uith E(x:)= 8. Y
Reswlt : Opsenve that because any distnboution {ondhion

is mono’\bmcal\\j non- decreasing ,then

GS’\’imCt\Gl". Then ;
lov (%1, %2) )
NG Cov(X«)%\) hap) = T (e = X@)

PRI A
(R < g (0t 20,,,) B

Ankdhehc Voriables

Then LE<X.____.4+2X7-»:6 and +he mean can be wed ar an

oo ment

il alwawy ve monolne m U MWs v an
Tor the use ot invene method -

- seek negodive correlodion ;50 s estimator has smallec

oo ce ‘ch&m Hhe narve estimodor. A
Theorem: Let (%a,.. Xa) be independent rv's on (,3,P) [ edension: commeon random varables {orcompadson],

ond let £.9 R"— R be nomnego&ive fonetiens and monotoncally Comgekossa X1+ ¥z

incrreasmo) m each comlponerrt. Then: h(¥) A v/
Tdea: b‘j

&({:(Xn,.. xﬂq()&,... xn\j > (4(x4,.,xn\>.1z(q(x4,.. xn\\. aweraging exreme.
voniabildies * waill

COYD\\OL@‘ let Wi (043" >R be nionotone w eame@ﬂwf - oomaaenm’@}@.
- 1
ar%ummt “Then 18 (Us,.. Un) ~ ddd U,1) : 7 A-u U
Cov Uy, ,Un), (4= 4ev 40D} €0 rly oo Yo jﬁ_{

ddeackpoot: =2 ,asume wieg h(%ax2) (A, 4)¢ ek nows
edieme ocue"bl, hio linear + W(0) = ot =

S ltaua) = h (U, 4-02) and (s, U2) —h(4-Us,Uz) , then
. Eh(VY) anoNar=0 .

L)+ (- = _;ﬁ
2

app\t\m% +he Theorem =
(W (U4,1-02) 0 (1-01,02)) ¢ E (R (O 1-0))E( 16U, 0Y)

E( (U, h(4-uA-v)) = E h(u,v)-E(Wlfu,l-v)) <0.



M_eim Option Pricing: @
(). Evolugtionof Asion opions. 3 S{E) > t< T} GBM: {BW),t<T}
is the non-risky asset BEE) = et 1 interest ake
Evropean option payoff « (ST - Ky 5 K+ stike price.

Asian oFﬁon Payo{F:T i (Bermuda\
C(T) :é‘ _i_ S(%Q - K
( R K=t >

< £y are the “dividend ”times ,or an aﬂ)wxirﬂa&f@n te=hk))

+

megsure, under which
S = STk exp { (”—qz—zﬁh NN ZK-H\&

12 Jaide N(0,8), k=4, LT/h.

-

The ﬁ)nchoﬂ h(z’ﬂ = ez is monoJrDVvica\\ymc(easmg,omO\

ik 2on(0,0) then -2 ~N(0, D) also . Neopive corelotion o
%uaravrbed: JL z CO, .. Zék) } lid ~ n(o, 0 for nominod sm,
anduse 250 = - 2 Aor antithetic sm:

Cic;):(SfZ é_i SO - K>+ (use 2)
ke

CC‘)~6\I\ P Zen B
2 —<E€;S (k) - K)_ (use 2=-2)

™d 0.05

AR 0.050 0231 0,068\ 0293 0506 03%

J=0.2
Khosd 4 4.4

0S83 O8N G159

() Usedt contuol vaiable :
R /e
(reomebic mean G(T) = (E\S(‘tﬂ}

(Kesult: GCT) ~ \Oanor ma\ with meart ond vononce

Me= nSo + (r+§2} )(ﬁ(_@ﬂ])

2

(%= 02h(RD(2RA

R
Use 0s @ corhuol vaviokle y= e (GO Ky os
28 ealolate bobh

for each replicokion (24

X = Cfi)(ﬂ and Vi, ond also cvaluate  Cov O, Y).

T bumy ok thot even vsing CF =4 works WOﬂd@p&)\um“
RS = Ky« (EY=Y0)

Cornol:

0.003 00604 0.006\0.014 0.013 6,021 0232 0.038 0.04%

u%ﬁo A00 vavionce veduckon )



(onhuo\ Vavidoles

6= IEX - fh(wW(am

£

let V= fj(w\ be o rvon (2,37 Jsuch that E(Y)- f“’
known. Then E(X) =6 ; for ony ceR ,where:

X (w) = hw)+ ¢ ((ﬁ[w)~}4\‘

Goald : find ce® that minimazes the voriomce :

Var (xX¢) = G5 + ¢*d3 + 2c lov(x,”) and

cx . Gu(X, alwoys ninirmizes Nar (X)

n%(jard\esr of the correladion

Jy?
I AN
ord  Nor (% = O‘x2<i— L) for C*
OxQy

Discuss idea of “correction” : “’}f Juw P(:M‘ve\tj correloded

ond we coserve. Y>> [E(Y) we also «correck” the obsenodion

X bing it “cleser” 4o 6.

TProblem:  ¢*in not known, evenif we kwow T3, becavse Txy
1 not Known.
Soluhiong © ~ ) sign (Txy) o kuown = afempt reduckion uath

- estimode ophmaﬂ c* (Pilo’c or concorrent)

Z; (xl- ;ZN\(Vl- /7\'14)

A
N-t =)

i (yi -9~\1

L=

/\ el
o*. _ 9x
%

Examples om Ross and eption-pricing -

A
Oxv =

a0 - X
N-

Remask: C* is correlated with {( %, ¥} wm

concorrent esimadion & E (X g‘) + B (bias) ,
{jad: kyufe™ methed [ace\ﬂ&'g.

SO One (on use

Ev@ogenous varidbles : vaviobles 8;zne«x\ed during the nominal
simulation ( little or no exdtva comFuch‘na eHort).

E_/xgaenous vowiobles similar processe s6 totore “adapted”

or § nchmwimd,axam«;\e Luse oo (known) M/N/4 procws

tosimolodke m qmml\e\ withon (unknown) G 1GT(4

plocess and comider the M/u/a for the wrﬁml.?&g}om
cd SYNCHRONEZATION (of random nomberseeda).

Weighied Means : T we hove 2 different unbicsed estimadon

-Bhey\ylx,\—x2 Caﬂbe um ¢ XCZKA + C(X/\" Xl)
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Lokin Bypercube

£ (h(v)) = "Wdu

aFonximoéHon

. Aﬁ%h(%ﬂ

Nokice trot MC methadia = 2 NG i oo U0, 0.

To reduce vaviance , use instead of Xi~ U010,

Vi~ U [1__1 3_1 o exach one Poiane{m’cenmJ?.

r ' n
Bk Vi & 00,0

let The a permu)ral—ion of the indices }i,...n} ,chosen with
uniterm dishibukion -

Pln=))= L Vj=h-n
n
ond let Ui = Vaey ~ U [TTCD—\ T‘ml
e
Hnen:

@) P(U<¢x)=x (moxrgimﬂ\b Uio. )
(Y. Atk : Upe (224, 27 dor each j€ 1. n}

N n

(). N %a, Xz P(Unex, Uz %) € R(Ux) P U2%%0)

I nvere methed::
amerai Aist

| use conctional
1<~ Clist on sobintervad
)

>
i =F (U

tn Fomt eg{ua\\ysPaﬁed{ e
GMC methods

[s20 eamples optionpricing 1

Strati ficakion

1pEA: Yartition the som?\e SFaceWﬁ'o events (‘stioda®) | whee

the varidbtlity io brown-o be smaller. “then use conouaou‘g?

Remember £uve ? - N

\or (%) = ECYar(X1y)) ¥Vor (ECK Y)Y
———— —_—
stodificodion conditionad MC

leb Y e §4,.., Kk} label the detferent stada, so thot
§ qus: Y (w) k=1, K§is o Parh)don of £ .and

consider +he estimation of .
6. g0x)= ) E(RIY=0DP
1=1

where pis P(Y=0) is assumed o be known .

The iden is {0 fx eoch “scenavic” V=1 ond Pe:r m Q

simulaum @xiyenmen)c for EACH stiotum at otime . Reause

Vo (A7) ¢ Vor (X)) we can e’xPed oL ceducdion v
A

Nanonce .
V] m Ode,\

Let Ng = #rep\/ic&Hoas @ Y=1,and
A " -1L é':\: i\/a((x\y:[_‘)
Oi - n %—:“Xk\vzt Nar( n;
where X\, _; is a random varicble resvided ( eonditional)
Yo [Y=i] Then use

K

én: Z//éb pi s eskimador,
1=



K
Secause Nov (8= 2 B2V (1Y) e gan ot b

| i .
optimal values &k 1L 0 an alocation problem

Min  Var(én)
Cn'l; V\K)

5.t. n4+‘+ﬂK=YL

when @2 = Var ( X\Y=0) are known, the solution w1

Wm*. n Pide
Z;.Pm
chma\\ﬂ 0 are not knowon. They canbe estimated, but then
the oph'moll allockion must be done sequentiolly (or use a\)‘\\ot

simuakion).

Example - %OOM‘ bad days for o Queueing system (hopital,
bank, o). 4=12 or A=4. We Know p(Y=4,2)=1/5,
Simulode the s%slem g the two scenarios :

X|y.i ~ Poisson (As (1-e7°)) =

Var( X 1y=0 =12 ,Nar (X{¥=2)x 4,

B=8 and Var(X)x24.

NE = 0634 = do 634% of simulodions for A=120nd
the st for =4

once Win

Example: Let X have density f(x)=2x ,0¢x< 1

and 6= E(h(Q) = Jl%“nf(x\c\% - % .

Tnstead of 8enerahng R F, consider a.change of measure
(Rodon-N ikodjm derivokives ) as follows
NEW DENS[TY 8(9& SbX5 , pex<d

LX) = £
8(%\

so that ! l
£y [h(L0] - [rLtAghddx - ©
ond we enly needo wexg\ao the chiendlame W (X) b y
their Likelineod Tatio” Here | the etimator o

WOOVERDY - XA (2X)
300 T T3

and.itiag v vaviance Vo (hoOLeY) =0 '

P d

Assume that P,Q are measure on ($2,73) mth W< @,
ana call AT
LIP,&,w) = Gﬁv w

the R-N devisative , then for any m’ceacab\e Jonckion I
02 Ep (L) = [WeIL(RQWIARGS) = E, (h).
S

when

£ we we oneshmaor (I5) L under @, is ths going
bo howe redmeed variomee ?



Tepositions If L (P, 1) €4 ¥ sochthmt h()#0, ©
then Varg (L) < Varg (h).

Recall that Eg (L) =4,50 the above propasition means that o
ood change of measure mwt be toilored Hothe performance
imc&ﬁon thot we with o etimate. Inferpretchion : “region of
importance Jwih@o) 20} c Q.

In aenera)t
Vorg (L) = JE@ (22 - §%

z j h2 () dP(w) . dfP@w) - &
a®

and the “optinmol” change of measure o to use the conolitional
pobability P on the “importance! set hw h)£01. Ceary,
Hio b usually not known when B not known, so it cannot

| \/\e\p for simulotions. However, it pLovides msrght .

Let the measure @ be defined by

YAet QA =L f\h(w)\dfP(wﬁ
A

6*
§*= [ Ih(w)draw),

H\en L(W}@ ;w\ = ’6_*_
I (Wl

o (L] = j U 8% dPaw) = (8% g2
T mn-neaochve, Voug Chl ] =0, but of coune % 6 .-

otk knouon! )

ona. !

%W\e '. gamb\@r’s ruin problem. (Qeetots)
?

0 P P
A pY S ™S —~N
SE G @ - R0
w_/ =/
\-p \-p o \-p
(?amlom walk, birthe deoth proceises Jefo).
Z=mf(n: Kn=0 or Xn=K)

Absorbing bevndares
@ O ek

We wishdo etimote 8 = E(h(w)), with
hew) = L%, oy = KY 5
sothok N(w) =0 when Xz=0. ltere,
KPL,{H =p
Piioy = g =iop 04i € K-l

014 K-

?eg\ace the meosure btj oomiden'nﬂ oditbrent bonsiion mabix:
"Swappng“%he Fonramekrl ’

Pewr= 9 O<a< K-1
= 4P i
uith same ab!orb«‘rg stales. We ossume that p<<e g sothat
ey \on% simoladions would be mqu:‘n‘d Yo chuere auaméfcant
number of winning everts . Under &, however, winning io
v lely. |
(onsides Cmgff w: Xe(w)=K = here,theeare
aways Ksteps more t the ngnt than o the left
r —> Sk lefti (g o p)
~ Ztb-lignt: (p oc Q)



L(P@w) = (£ ( ) () &

if we choese g=\-p forthe change gf measse
Because N(w)= O when Xz ¥ ¥, then
Norg, (L) = (lﬂ““ Ep () - 8% < Nary (n)
provided tot p<fa. This moe advantaaeow when Lo
\arge and pap.
"Kare Event Eshimotion |



