
Solvingpecurrences

Consider the Fibonacci sequence

0,1 , I, 2 , 3, 5, 8 , 13, 21,34 , 55, _ _ .

Fo = 0

5- I = I

Fn = Fn
- 1 + Fn-2 n≥ 2

We proved by induction (strong induction)

Fn = ¥ [∅
"
- (1-0)

"

] , ∅ = ↳zV5_ = 1.618 .. .

-
≈ ¥0

"

↑ the golden
(why ? ) ratio



It's been observed that ratio of consecutive Fib . numbers

converges to ∅

f- , f- , 7- , { , § , % , ¥ , Yz , 3¥ , - - - → ∅ ≈ 1.618 . _ .

[wishful thinking] What if Fn = cp
"

¥÷ = {¥÷ =p (make p- ∅)

Fn = Fn-1 + For-2Does this work ?

cp
"

= cpn
- '

+ opn
-2

∅ is a solution
pn = put + pn

-2

to this

P2 = p + I ↓
This would work if p is a solution to Ñ=x-11 ( ✗2-× - l - o)



problemi.me Can't make 5-◦ = cp° and F
,
= cp

'

but ✗2-x - l has two solutions
P - ∅

→ 9--1-0

make Fn= qp
"

+ crq
"

Fo = 910° + ago = 9 + Cz = 0 ⇒ cz= -9
2

Fi = 9p + 49 = 90 + call-∅) = I substitute

94 - c , (1-0)=1

c , (20/-1)--1
a V5 =L

an Yrs ⇒ cz= -¥
Fn= ¥ [∅

"
- (1-0)

"

] .



Let's prove Fn= Cip
"
-1 Czq

" satisfies the recurrence

Fn= Fn
-1 + Fn-2

Cip
"

-14g
"

= 9pm
- '
+ Cag

"-1
+ qpn-2-1 czq

"-2

Cip
"

-149
"

= 9 [ p
"- '

+ pn
-2

] + a [ q
"_ '
+ qn

-2

]

since p and q are solutions to ✗
"
-x - 1--0

102=12+1 92--9+1
pⁿ= pn

- '

+ pn-2 qⁿ=qⁿ
'

-1g
""

Cip
"

+ czq
"

= Gp
"
+ aq

"



In general
mm

an = Aan_ , + Ban-2

a
↓ ↓

characteristic ✗ = Ax + B) P solutions
.

equation q

an = / 91
"
-149

"

p≠q

\ Cip
"
+ cznp

"

p= 9

we can prove the above fact using strong induction
.



Example :
-

90--0

an = Zan_, + I n≥ /

0
,
I
,
3
,
7
,
15
,
31 , - - -

Guess : an = 2
"

- 1

How do we make sure: -make sure it satisfies recurrence
- good for first few terms

OR

prove it by induction

proof by induction.BA#seao
= 2°- I = I -1=0 ✓

Inductive step: 7 K > °, PCK) ⇒ PCK-11)
-

PCK) : ak = 2k - I

Pfkti) : am, =
2k" - I

AK-11 = Zak + I = 2 [ 2k - I] + I = 2*+1-2+1=2
""
-1

.



Avoidguessing :

an = 2am
, →1PM←

bad

Make
recurrence

an-1 = Zan-2 + 1

with
desired
-

form{Ñ, a. am ,
, g.am, , ya, , , , , ,

↳ an = 3am, _ 2am-2 n≥ 2

712=32 - 2 P- 2

9--1

An= C
,
2
"

+ Cz 1
"

= C
,
2
"

-1 Cz

do = G 2° -1 Cz =
C
, 1- Cz = 0 ⇒ 9 = - Cz

a , = 92 -1 Cz = 29 - C , = G = 1

an = 2
"

- I



Exanpl a , -_ 0 a 2=6

An = - an- , +
3×2^-1

2an-ie-2an-z-3.am?2-
"≥ ≥

an - 2am , = - an- i + Ian-2
an = An-1 + Zan-2 n≥ 3

✗? ✗ +2 P=2
→ 9=-1

An = 92
"

+ Call)
"

A , = 2C , _ Cz = 0

a2=49+02--6--4)

69 = 6 ⇒ C
,
= I ⇒ cz= 2

an = 2^+2 C- 1)
"



Example :
-

do = 0 91=2

an = 4am , - 4am-2 n≥ 2

✗2=4×-4

✗2-4×+4--0

(X - 2) 2=0 110--2
→
9=2

An = 92
"

-1 Czn-2
"

(p=q )

Ao = C
,
= 0

Al = Cz . / . 2
"

= Zcz = 2 ⇒ Cz =/

An = n 2h


