
Today : How recurrences help with counting
run

- Instead of counting the exact thing
Find a recurrence for it

-
At the price of having to solve recurrence

rewrrence-• Asymptotically
/ I

•
Put recommence in a g.
[

( "◦+exact

- Generating functions
•
Find Qo

, Ai , Ar , A} - - -

• Guess a pattern of an you know (maybe later
. Prove it by induction e.g , an = Aaa- i -1 Bans

•
Solve using characteristic
equation



E×amp : How many regions n lines make in the plane
if no two are parallel and no three intersect in one point

I ¥tE# I
◦ lines 1- line 3 lines

let Rn = # regions made by n lines (Name It !!)
Ro=\
, Ri = 2 , Rz = 4 , 123=7 , Ry = It

14¥
" "ne

the nth line adds

n new regions

Rn= Rn-1 -1h



n
- . .

I 2 4 7 11 16 22
. . .

Exaupte.mn 11 = 4 + In
3+4
in

2 + 2
in

Rn= (1+2-1 - - - + n) -11 I + I

Rn=nCnz + I

Prove it by induction .

Base case : Ro = °% + I = I ✓

Inductive step : UK≥ 1
, PCK)⇒ Plk-11)

121<+1 = R±+ @+1) = k%g1 + K -11 = . _ . = 4<-1%(1-42) + 1 .
|ind_hyp#



Exanp . Tiling a Zxn rectangle by •minos .

In how many ways can we tile a 2in rectangle with dominos

n

_0☒☐☒E TE TE
Let an be # ways we can tile a rectangle of length n ( ay = 5)
Two cases n- I

-

I
An-1 An-2

ways of ways of
finishing finishing

An = An- , + An-2



do = I Fo = 0

92 = 2 Fz = I:-. ÷:a4 =
5 5-4 = 3

i.

an=Jn[



E✗auple- 3 : Tower of Hanoi
Move n disks from peg 1 to peg 3

\ \ - move one disk at a time
↑

- no disk can sit on top of±:* !_
a smaller one

How many moves are needed to transfer a pile

of n disks ?

Let an= # mores to transfer n disks .

In order to move the largest disk , we must reach this :

I must have moved n-1 disks with

.

¥ ! An-1 moves

Then make I move

/ Then I need another an-i
moves



An = An -1 + I + An-1

an = Zan-1 + I

•
We solved this recurrence by eliminating 1- and putting it
in the form an = A- any + Ban-2

•
Another way : Establish

a pattern
do = 0 A, = 1 Az=3 A} = 7 ay = 15 As = 31 . _

.

An = 2
"

- I



Generating Functions
-

The generating function of the sequence
Ao

, Ai , 92 , 93 , - -
-

is f-(a) = Aoki -1 air
'
+ aid-1 - - - -

D

= [ aixi
i=o

E✗ample:_ Generating function for Fibonacci

f- (a) = 0.se?+ 1.x
'

+ 1.Ñ+ 2nd + 3N
"
+ 5kt + 8xᵗ+ . . .

The nth derivative of fog at x=° divided by n ! is an

an=f"n ( for any sequence)



f- (a) = dont + air
'

+ aid + air + . _ .

f- G) = ao ⇒ %¥= do

f- 'Coe)= 9 , -1 292kt 39322-1 - _ .

f- ' (o) = a , ⇒ F- = a ,
f-
"

(a) = 292 + 693kt - - - -

f-
"

co) = Zaz ⇒ F¥%_ = Az
f-
"

(a) = Gas 1- - - -

f-
'"

(o) = Gas ⇒ = as

t

:



so f- (a) = É f%¥ xi (Maclaurin series)
E-°

÷


