
Given two integers a and b
,
the

greatest common divisor of a and b

gcd (aib)

is a divisor of a and a divisor of b and

it's the largest such integer .

Well defined concept :

-
1 is a common divisor , so there is one

-
Common divisor ≤ min Ca, b) , so there must

be a largest .



EXanple.me 9=300 12--18 what is gcd (300,18)

List divisors of 300 and 18 and check them

☐300={1,213,415,6110/12115,20/25130150,60/75,100,150,300}
as ☒ or @

Dig = { 1,476,9 , 18}
☐ do & •

Bad : Requires going through all numbers 433, _ . _ . ,n=3oo



Example :
-

Factor into primes

300 = 22
.

31
.

52

18 = 2
"

.

32
.
:

⇒

Pick as many Prime factors
as possible to make the

largest divisor of both111
Pick the
smallest

2
'

.

3
'

.

5°
= 6

power for
each pnoime

Bad : Not easy
to factor into primes in general .

Side Remark : What if we pick the largest power for each prime ?
imma

ttt
22.3? 5 = 900 = lcm (30918)

least common Multiple .



Observation : gcdca , b) xlcmla , b) = axb

Facts : dla r d l b ⇔ dl gcdlaib)

Facts : a / m ^ b. Im ⇔ lemcaib) / m



Here's What we will prove :

a = b.q + r ◦≤ r < b

w

quotient
↳ remainder of a/↳

d l a ^ d l b ⇔ d l b n dlr

direction

⇒ : a= md

b. = nd /⇒ and = nd . q +
r

r=d(m - ng ) ⇒ dlr
direction

← : similar

conclusion : god (aib) = god (Hr)



Euclid 's Algorithm for finding gcdcaib) ( a≥ b)

Construct sequence (decreasing)
do d

, 92
- - -

-- - - Ak Ak -11

÷ =

ai
-z
= Ai-1 gi

,

+ Ai
in

remainder of %÷
,then ak= god Cao, a)

Example :
-

300 18 12 6 0

↑ ↑

god/30918) stop



txanp Find gcd(100,39)

100 39 22 17 5 2 I 0

↑

9cd(100,39) stop

In general :

gcdcao.ae/--gcd(ai,az)-------=gcd(ak-i,ak)butakfak-lSoak=gcd(ak-
1) Ak)

Why is this good ? It's fast.



Why is it fast ?

Ao A
, Az • . . Ai-z ai- i ai • • • Ak AKn
ai-2 = ai-i. 9, ,

+ ai (%,
≥ ' )

≥ ai- i + ai ( ai < ai- i)

> ai + ai = Zai

ai < aizˢ
We can half do Llogzaoj times before getting to 1

so K is logarithmic in ao .



treextendedEadideanAlg_
Ao Ai Az . . . Ai-z ai_ , ai - - - Ak 9%+7

Claim: Hi
, Ai = aoxi-aiyikiif.CZ (notuniquely)

"

Every number in the sequence is a Linear combination

of the first two
"

EXanple:- 300 18 12 6 0

AT T
,

300 = do I + An 0

18 = Ao 0 + a, I

12 = Ao I 1- At -16

6 = Ao - I 1- A , 17

0 = do 3 + At -50



proofbyindnction.BA#asg
: do = A

◦ ✗ I + A , ✗ 0

a , = Aoxo + Aix I

I£Ép : Pto) , Pat , _ _ . .

, Pti) are true

prove Pci -11) is true

ai+ , =
remainder of division aa÷

= ai- i - 9 ; ai

= (aixi-it aiYi→) - 9i(aoxi + aiyi)

= a. [ ni- i - 9in ] + a ' /Yi-i ;iYi] .

- -

Xi-11



Hi = Ki- z - Gi, Ki- I

= Ri-z - Ai→a,, Ni -1
t

same formula for y r:*.
do A

,
- - - Ai

-z ai-yai - - -

r⊖→
✗

y o

" 7-2 " Ni,
?



Exanp
× 3o◦'"#I - I

y 0 I -16 17 -50

god (300,18) = 6 = 300 (-11+18617)

Remember: Not unique !

Idea : ar + bs = a(r+ b) + b(s-a)
nun

That's why we can always find

god (aib) = ar- bs where r, s ≥o


