
EquivalenceRelati.nl?ecall
congruence

a_=b(modn)⇔ n / a - b

why is congruence an equivalence relation ?
-

Some numbers in become
"

equivalent
"

modulo n .

Example : n=7
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Given a set S
,
consider 5×5

A relation R is a subset of Sxs

a Rb ⇔ la , b) c- R

An equivalence relation R ( denoted by =) satisfies
1. Reflexive . V- aes

,
a-=a (a. a) c- R

2. Symmetric .
Ha

,
b c- 5

,
a _=b ⇔ b=a

3. Transitive . ttaibic c- 5
, (a -=b n b≤ c)⇒ 9=-6

'
=

'

is an equivalence relation .



An equivalence relation on S partitions S into classes

of equivalence

Ca = {sees : a_=x}

Example : 5.= {aibic, d}
mum

R={ (aia) , Ghb) , G.c) , Cd,d) , (aib) , (b. c) , laid , ⇐a) /⇐ b) ,@a) }
Ca={ a ,b, c } ↳ = { a,b, c} E- { a. be} G= { de}

Ingeoieraln : 1) Uca = 5
g a

↳
c a c- 5

2) Can Cb -1-01 ⇒ Ca = Cbto

( either disjoint or the same )

1) By reflexivity : V-ac-S.AE Ca because a=a



Can't have
e c- Ca ⇒ a-=e

e c- Cb ⇒ b. = e00Ca
Cb

-

proofi.mx c- Ca ⇒ a _=x

mmmm a≤e⇒ N=e

↑
-

symmetry
& transitivity

b=_ e

mm

⇒ KE Cb . therefore CaccbK?⃝⇒ b-=k
mmmm

similarly , we can show Cbc Ca Therefore Ca=Cb



Partialorderielation
- Equivalence relation "

groups
" the elements

-
Partial order relation " orders " the elements

Denote a partial order by 4 ,
so as b means Ca , b) c-R

= to =
"
is the same as

"

{ to <

1- Transitive . (as before)
2. Antisymmetric . Ya , be S , (at b n b < a) ⇒ a=b

3. 4 could be reflexive or not .

Example : < on IR
, ≤ on IR

(not reflexive) (reflexive)



If 5 is finite , then S admits a minimum

Fees
, V- sees , x≠e ⇒ Kke

-
Suppose e does not exist , I can find anproof :

infinite sequence

a , > az > as - - -. . Where Ai ≠9i+ ,

since 5 is finite , we must cycle

→ a a; > . . . > ai -

aj < ai

ai < a ; /⇒ contnadr-F.to antisymmetric)



Exapl S = { aiko}

PG) = { ∅, {a} , { b} , {c} , {acb}, { ace}, { be}, { aiko}}
Relation : ✗< Y ⇔ × is a proper subset of Y

mmmm

Transitive. ✗ < Y n ✗< 2- ⇒ ✗ < z

Antispnmmetry . (✗ < Y r Y > ×) ⇒ ✗=Y

min

[ §,
"

Hasse Diagram .

"

{a} { b} { c}
All edges that can be inferred

by transitivity are omitted .
{ a !b}×{a b. a}

Jack ,if



Example :
nm

(aib) 4 ( c. d) ⇔ @ <c) v(a=crb <d)

Exercise : Prove this is a partial order relation .

Transitive : @ i b) ✗ ⇐ d)

(c) d) 4 @ f)

1) a < c n c < e ⇒ a < e

2) a < c n a = e ⇒ a < e

3) a __ c n c < e ⇒ a < e

4) (a=c n b < d) ^ @ =end < f) ⇒ a-- e r bsf

Therefore @ b) < (eif)



( a. b) 4 ( a. d) ⇔ (a <c) v @=cab <d)
Antisymmetry .
Is

(a)b) < @ d)

⇐ d) < @ , b)
≥ can't happen simultaneously

1) a < c r c < a ✗

2) a < c n c= a ✗

3) a= C n c < a ✗

4) bad ^ d < b ✗

Note : In general , to prove anti symmetry , prove
either : ✗ < ¥ r y { se ⇒ x=y

or : x < y n y s se is false


