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The Inclusion - Exclusion principle
-

Most basic form with two sets

,

IA UBI - l Alt IBI - IA n B1

(why ?)

Exampled : I have 50 socks
,
35 are black and 30 are cotton .

How many black cotton socks do I have ?

A-= { n : N is black Sook} B -- { n : x is cotton sock}

IAUBI a IAI -11131 - IANBI ⇒ 50=35+30 - IANBI

IAN BI = 15 .



Example 2 : A bit more involved .

-

In a group of 12 people , each person knows

more than 6 other people . Show that we can

fervid 3 people that know each other .

Bp. a

""* tale :B! - ¥¥
people known

IAAB I > 6-16-12=0

by Ps I An Bl > o (Done)



What about more sets ?

A ,

IAUBUCI - IAI -11131+14 ( include)
- IAnBl - land - IBNI (exclude )

+ Ian Brel ( include )
C

Four sets : # terms
- -

IAuBucuD/= IAI -11131+14+14 (wickeder) (7)
- IAABI - land - HADI - lBn4 - IBADI - lendl (Exclude) (4)
+ IAnBn4tlAnBnDlt/AncnDltlBncnDl (include) (4)
- IANBNCNDI Exclude) (9)



I

ooo • lAI=7
A 'Bt '

• B 14=5
•
• IAnBf=5

C

fancy -_ 2
Total -

- 7+8+5 11314=3
- 5 - 2 - 3 IAnBn4= 2
1- 2 = 12



Rude : Include all singletons , Exclude all paris , Include all triplets, . . .

Why Does it work ?
mummy

consider a given element and suppose it belongs to n > o sets
It belongs to (2) pairs of sets

.

aid ⑦ triplets of sets
and ④ quadruplets of sets

!

The Inclusion - Exclusion pmiciple for this element contributes
H -⑦ + ④ - H) e - - -

- - ④ =

- I -④ +④ -③ t . - - - thD= I - o = I
.

So each element contributes 1 .



Example 3 :
-

How many positive integers £1000 are divisible by
2 or 3 or 5 .

Recall : Union is OR logic .

Si = # dean divisible by i

s
' 53

We want : Sg

1520530551=152/+153/+1551 -lszassl-tsznss-I-ssnssftlsznssn.SI/szI=10021=500 1531=40030-1 = 333 Issf = 100£ = 200

1521531 = 4%0-1=166 lsznssl a 1%1=100lssnsst-L.NO#=66/SenSsn5s/=Lt03o0-J--33

finally 152053 Uss 1=500+333+200 - 166-100-66+33 = ?



Exavplett : Good. Passwords .
How many n char. passwords can we

make if the password must contain at least one uppercase
letter
, one lowercase letter , and one digit ?

This is an ANI logic . Product rule will be hard to use

due to overcounting - One might be tempted to say
- Pick 3 char of the n char. with order .

- Make them uppercase letter, lower ease letter , digit
- Choose the remaining n -3 char from 62 possibilities

GVmig@7zIg.X 26×26×10 × 62 "
-3

But this overcounts and it's hard to deal with because the overcount

depends on the choices of the n-3 remaining letters .



Transform to of logic by negating .
So Count Bale passwords .

How many passwords don't have an cppa case , or a lower
case letter , or a digit ?

ion
36
"

"

52
"

A- Good passwords = 62
"

- (36^+36"t 52"- 26 "- 26 "- 10"t O)



The lazy professor (revisited)
-

How many permutations assign No student to his/her
own test ?

Convert to od logic : count bad permutations .

Let Si = set of bad permutations for student t .
(Si assigns student i his/her test)

we want # bad Perm . = IS , Usa U - - -
U Snl

* terms
-

# permutations that assign student i to his test . @-y ! n

* " " " students (i,j) to their test @-y ! (7)
# " n a students ( iii. k) to their test @3) ! ④

&

:



* bad permutations -_ Cry ! - Ey ! + ED! - - - - - -

# food permutations
-n! - ED! + cry ! - ness ! e . . . .

= :÷n÷+n÷ - ÷ . -*einn!
-

- nil 's, - ÷+ 's, -
'

a.
t - - - ten'÷)
-

Ye for larger

a net ( prob . of good permutation isles 0.3678)


