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More on recurrences
-

Consider the following variant of Tower of Hanoi .

When the largest present disk is uncovered
, it explodes !

The goal is to make all disks disappear .

Example :

¥15#→

Eh¥#
n=3 : A total of 2 moves . As = 2

n = 2 : Az = I

A- I : A
,
= O



Key idea : when largest disk uncovered , we
have the following :

.

- Y#
n- 2 disks
-

y

_##second largest① ②

An = [ 2
"- Z

- I ] + I + an
- z = an-2+2^-2

- w -

move uncover Solve a problem

n - 2 disks largest with n-2 disks

An = An
- z + 2

"- Z

n> 3

A
, = 0

Az = 1

what's ao ? Cao - o )



A flag .

-

g
--

if I
Three colors : Blue , Red ,white

: : : iii.: : :.
n stripes
Adjacent stripes can't have same color

Question : How many possible flags ?

I
. Choose a color for 1st stripe . . . .

3

2
. Choose a color for 2nd stripe - - - -

2

3
.
Choose a color for 3rd stripe . . . .

2

:

u .

Choose a color for nth stripe - - - -

2

-

3×2
n - 1

Good flag : 1st & nth stripes have different colors (additional condition)
Let an ibn be # good / bad flags : an + bn = 3×2^-1



Key observation : bn = an - , ( n> 3 in pic below)

q MEEEE
- - - - - -

TWEET
n fiiii-iiiii.ie ←→ I ±

(also be 9=0)
7
- - -- - - -

f
te EsMEEE

Bad Good

An + am, = 3×2
" - '

⇒ an = 3×2
""

- Ann (n> 2)
Example : A , -

o

Az = 3×2
"'

- O = 6

Az = 3×23" - 6 = 6

Ag = 3×24" - 6 = 18

As = 3×25"- 18 = 30

•

•

@



Two recurrences :

An = An
- z t 2

" - 2

An = 3×2
" - t

- An
- ,

They are different than

An = I Ki Ai = kn
-ida , + Kazan-z t . . . . [linear homogeneous ]

isn

why Linear homogeneous ?

Because we can solve them systematically !



Transform to homogeneous : ← eliminate this

①

An - An
- z +

2
" - Z

Zan
- i = 2am, * 2.2

" -3

-

An - 2am ,
= An

-z - Lan- 3 + (2^-2/-2^-2)
An -_ 2am . + an

- z
- Zan -3 ( n> 3)

***
since a. defined

①
An = 3×2

" "

- an - I

9-2

2 An
- , = 2*3×2 - 2. An - z
-

An - 2am ,
= - An

- I + Zan-2

An = An
- i + 2am- z (n> 3)



Example :
Rn = Rn

- i t
n

⑦
Rn
,
= Rn

-z t n - IEliminate
once-

Rn - Rm , = Rn
- i
- Rn

-z t t

quinate ⑦
Rn = 214-1
n

-z + ,

• n
.

Rn
- I = 212N

-z - Rns + I

ago -
Rn - Ray = 2.Ray - Ra - z - 2 Ru -z +Rn-3

Rn=3Rn-i-3Rnz-R## 433)
since Ro defined



Solve for an = Aan
-it Ban - z

Wishful thinking : say an =p
"

for some p .

P
"

= Apn
- '

+ Bpn
-Z

p
"-2

( p2 - Ap - B) =o Ignore the trivial sol . p=o
-

go
"

:S:c:*:*
Find p by solving X

'

-Ax - B ↳ Pg
But an=p

"

is not necessarily satisfying base case Cs) .

We can show :
. . . (next page)



ptg : an = Gp
"

tag
"

£9 : an = Gpntcznpn
Solve for c , and a by satisfying base cases .

Example I an = an
. , + Zan -z a ,=o 92=6

- t t
A=1 13=2

X' = X -12 ⇒ XIX - 2=0 ⇒ see
It Too 92
2- →

- I

An = C
,
2
"

-1 Cz ft)
"

A
, =

2C
, - Cz = 0

Az = 4C
, + Cz = 6

% 69=6 ⇒ 9=1

An = 2^+2 GD
"

9=2



Example 2 : an = 8am , - Iban -z Ao -- I 9=12
-

A- 8 13=-16

characteristic Eg : X
'
- Ase - 13=0

X
'
- 8k -116=0

a=
8±t¥E
2-

= 8¥94
↳
4

f- 9=4 .

An = C , 4
"

+ Can 4
"

Ao = C
, t Czx 0×40 = I ⇒ C

,
= l

-

O

ai = 4C
, + Czxlx 4 = 12

4C, + 402=12 ⇒ 4+402=12 ⇒ Cz=2

An = 4 "+2n4"= 441 -12N)



•
What if a to.an.IM
Then X! Anto ⇒ a- A and an = CA

"

( use one base case to find a )

•
What if an = Ban

-z

then X'= o.se + B I
F- VB

→
of - TB

are 9 (B)
"

t Cz ft)
"

(use two base cases to find C
,
and Cz )



Example 3 . An = Zan
- I 1- An- z - Zan -3

-

characteristic Eg : XI 2x't X - 2 =3 X'- 2×2×+2=0

How to solve ? Guess ! 7=1 works . Wr
p 9

Rewrite : If
(X- 1) ( n' + an -2) =o

an -- Gpntcagntgr
"

TV ←
a= - I since an

'
- n' = -2x

"

-1×3

Solve a-n - 2=0 § ? (we just did)



n

An = GC)
"

-1022
"

+ ↳ G)

An = C
, t Cz 2

"

+ Cs fl)
"

do = Cl t Cz t ↳ = °

} 2C , -1302=0
A
,
= C

, t 2oz - Cz = 0

I 29 -16g = ,
29=-1

Az = C
, + 4oz t Cz = I 9=-1

Z

4=-12 Cz= I ↳ = I
3 6

An -_ -I +12
"

+ Ifl)
"

3 6

znt
'
- 3 + C-D

"

An = -
6



An = Aaa
, + Ban - z 1- Can-3

When solving for X
'
- Ax'- Bx

-
C =o It

piqralldiffereuti
Yr

Gpntczgntczr
"

p -qtr :

-

c
, pntcznp

"

+ Csr
"

-

P=
c
, put Cznpnt ↳ n'p

"

-


