
Review of homogeneous recurrences
#

An = I ki ai
isn

Example : Fn= E-
, + Fn-z (Fibonacci) ✓

an = Zan
- i t l (Tower of Hanoi ) X

Rn - Ra
- i t n ( Regions with n lines) X



Transform to homogeneous :

An = 2am
, +

I
← eliminate this

.

An- I = Lan-z + I
-

An - An- i = Lan - i - 2am-2

An =3 An
- i
- 2am

- z
(homogeneous)

The Form an -_ Aan
- i + Ban-z

largest index isnt
← smallest index is n-z

n - @ - 2) = 2

Hr
form a degree 2 (quadratic) equation



An = Aaa , + Ban-z

X' = Ax + B (characteristic Eg)
Example l :

-

Tower of Hanoi : an =3 an -z - Zan -z (A-=3 , 13=-2)

112=3×-29 P- I

→ 9=2

An = Gp
"
t Czg

"
= Gt Cz 2

"

do = C
, t Cz

2°= C
, + Cz=0

At = C
, t Cz

2
'

=
C
, + 2q= , ¥ 9=-1 , 02=1

An = 2
"
- l

.



Example 3 . An = Zan
- i + an- z - 2am -3 (Exploding Tower)

-

characteristic Eg : XI 2x't X - 2 =3 X'- 2×2×+2=0

How to solve ? Guess ! 7=1 works . Wr
p 9

Rewrite : If
(X- 1) ( n'+on -2) =o

an -- Gpntcagntgr
"

If ←
D= - I since an

'
- n' = -2x

'

-1×3

Solve NZ-N - 2=0 I
2

Is
- I



n

An = GC)
"

-1022
"

+ ↳ G)

An = C
, t Cz 2

"

+ Cs fl)
"

do = Cl t Cz t ↳ = °

} 2C , -1302=0
A
,
= C

, t 2oz - Cz = 0

I 29 -16g = ,
29=-1

Az = C
, + 4oz t Cz = I 9=-1

Z

4=-12 Cz= I ↳ = I
3 6

An -_ -I +12
"

+ Ifl)
"

3 6

znt
'
- 3 + C-D

"

An = -
6



An = Aaa
, + Ban - z 1- Can-3

When solving for X
'
- Ax'- Bx

-
C =o It

piqralldiffereuti
Yr

Gpntczgntczr
"

p -qtr :

-

c
, pntcznp

"

+ Csr
"

-

P=
c
, put Cznpnt ↳ n'p

"

-



Example 2
- Rn = Rn

- i t n

⑦
Rn
- i = Rn

-z t@- l)
-

Ru - Ra- i = Rn-i - Ra-z t 1

Rn = 2Rn
- i - Ra-z + I (still not homogeneous)

⑦
Rn - i = 2Rn-z - Ra- 3 t l
-

Ru - Ray = 2km- I - Rn-z - 2Rn-2 + Rn- 3

Rn = 3Ru- i - 3Rn
- z + Rn-3

(Equation will have degree 3)

X3=3×2-3×+1

X
'-3×2+3×-1=0 ⇒ (X-1)3=0

Cx- i) Cx- 1) Cx - i)- o



Continue : 3 solutions that are the same : p=g=r= 1

An = 9 put Cznp
"

t ↳ n'p
"
= C

, t Ent Cs n
'

Ao = C
,
= /

A1 = C
, t Cz f Cz =

2

92 = 9 t 2oz +4cg = 4 /⇒ -9+203=0 ⇒ ↳= # = Iz
Cz =L
2

An = It In + Ink HII + I .



Another example :
-

An = 4am ,
- 3 an

- z t
2
"

An
- i = 4am - z San

- z
-t 2

" - I

2am
,
= 8 an

-z
- 6am, + 2

"

-

An - 2am
,
= 4am

,
- 3am

-z

- 8an-2+6 an-3
-

An = Gan
- i
- l l an

- z
+ ban -

3×3
= 6×2

- H X t 6

213
- 6×4 II n - 6=0

Guess fo -4 is a solution
.

(x- 1) ( x'+Dr -16) = o

y



Dn
'

- n' = - 6×2

D= - 5

(x- 1) ( x'- 5×+61=0
d Ns

p- I 9=2 r=3

An = Gp
"

-1 Cag
"

+ Csr
"

= Ci t 92
"

t ↳ 3
"

Ao -_ C
, -102+03 = ? (given Ao )

A ,
= Cit 202+39 = ? n ai

Az = C
, + 402-1903 = ? u are


