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A binary relation = on S is called equivalence if and only if :
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A binary relations on S is called partial order if and only if :
lb,a)EIRH atb Es . (asb ⇒ b ka) Antisymmetric
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c E S . ( ( as b n bsc)⇒ ←c) Transitive al b

L could be reflexive or not (strict partial order) @7%I€}
Example : S or f on IR



Equivalence relation partitions S into classes of equivalence

Ga = {res : a⇒e }

Partial order relation " orders " s . If s is finite

4 admits a minimum element

Fees
.@ sees . @≠e⇒x4e))

Proof : Suppose e does not exists
,
then we can find an infinite

sequence . . . an 4 . . . haha, • (don't use reflexive steps)
since S is finite , we must cycle .

So by transitivity, we have aid aj and Aj < ai ,

a contradiction
. (see below)
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aj L ai by transitivity

but ai s aj by transitivity



Example :L : S - { ails ,c3

PCs)-10 , {a } , EH , { is
{ aib} , {art , { bid

{ cubic } } ⑧
Consider the proper subset relation :

hmmmm

- It's anti-symmetric : secy ⇒ y¢x (kfy)
- It's transitive : Kay , ycz ⇒ Roz .

0
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{a} Eb} Eos All "edges
"

that can be
minimum IXXI
element : of fab} gang { b, y inferred by transitivity
\ 11 are omitted .
{ a , big
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- Anti- symmetric : @ibKl4dlabggfsc4asoCid4fa.b)
-
Transitive :@b) skid) asec e ace

(GHS Leif) bfd ff
# bff socaibjsceif)

S - { ( by , 12,3) ,(2,0) , @is)}
④

(BDS (2,3)
( by and are both /

444343 f43) ( 2,0)

(2,3/46,3)
minimum elements. y ,

(2.0/44,3)
(3,3)



Congruence
-

AE b @od n ) ⇒ n / a - b

( a & b have the same remainder in division by n)

congruence
"

behaves like "

equality (Equivalence relation)

Example : a ⇐ b (mod n ) A = b
mm

CE d Hod n) C = d
- -

Atc = btd (mod n) Apc = btd

Proof : n la - b and n f e - d ⇒ n ) (a - b) + (o - d) (why ?)
⇒ n I @ to) - (Dtd) ⇒ ate btdfmodnj



AE b Yod n) ⇒ nl a - b =3 a - b = kin

⇐ d (mod n ) ⇒ n I o - d ⇒ c - D= Kzn

I

@ - b) t @ - d) = Ckitkzn

(at c) - (btd) = (Kitko) n

n I Late - @ + d)
a to = bed fmod n )



A E b @ od n) a ⇒ b (mod n)
CE d (mod n ) CE d (mod n)
- -

Atc = btdfmodn) a - CE b - d ( mod n)

we can even move

from side to side

a. = b (mod n)
a ⇐ b fmod n)

CE d (mod n)
-

b e b (mod n)
Axe = bxd (mod n)
-

A - b zo fmodn)



What about division ?

A E b fmod n)
C = d Lmod n)
-

E- = by Cmod n) ? Is E integer ?

Consider A E b Cmod n)

can I say I E ta Lmodnj ? [divide by a on both sides]

What is division in modular arithmetic ?



⇒ 2 ⇒ 3.a knot 7)Example l : Zzz x quod 7)
Is there x when multiplied by 3 gives 2 ?

3. 3 E 2 Cod 7)

So Zzz 3 (mod 7)

is there an n such that
what about z z ?g (mod 7) a. 2=-3

3- x Zz E 3×5 I 15 e l quod 7)
" 5



For division to be well defined , we need to find inverses
- l

kg zbx Lj =.

bxa'
'

where aa = I quod n)

Problem : Given a and n
, find a

"

such that

a a-
'

⇒ I Lmuod n)

a-
'
is the inverse of a modulo n .



niff
A

123456-1
a l 4 5 2 3 6

(1) • god Cain) = I ⇐ I a-
'
t Els . . . , n -B .

aa
-
'

⇒ (mod n)

(2) • When a-
'

exists
,
it's unique .

Proofed ) : • god Cain) =L ⇒ ar - ns = I ⇒ ar= nest I ⇒ are I @od n)
⇒ r mod n is a

- ! here mod is used as operator)

• a a-
'
⇒ I fmodnj⇒ aa-

'
= nkt I ⇒ a a-Ink = I ⇒ god Ca,nfl .



Proof :

To prove uniqueness , assume a be ace Lrmod n)
where bsn , CL n , b > a

a ( b -c) z o Lmnod n) ⇒ a Cb - c) - kn

since god Cain) = I ⇒ all factors of n come from Cb-c)
( uniqueness of prime factorization)

so Lb -c) is a multiple of u, contradiction since begun
.

So b - c s n .



(
O l 2 3 4 5 6

7×3
0=3

.

↳ O 3 6 I 4 7 2 5

gcd(3,81=1 ⇒ 3N # 3. y fmod 8)

3N are all different ⇒ permutation .



Euclidean alg . can find inverses .

Examp Find inverse of B modulo 21 .

First observe that god ( 21,B) = I
.

Now perform Euclidean Alg . (not to find god but to

find the linear combination)

÷÷÷÷÷÷
God (21/13) = 21 (5) + 13C-8) = 21 (5) - 13 (8) = I



So - 8 is the inverse of 13 mod 21

- 8 E 13 formed 21)

13 . 13 E I Lnnod 21

Similarly : 5 is inverse of 21 mod 13 .

21 . 5=1 (mod 13 )



Find the inverse of 15 mod 26

find seat
( god (15/26)=1) 15

.NEI (mod 26)
(
15
- I

*⇐÷:÷:①÷
We can write 26 C-4) + 15ft) = 1

So 15
- '
I 7 mod 26

Also
,

26 (-4+15)-115(7-26) =/

So 26-1=11 mod 15



•
We can even solve equations modulo n when inverses exist

for instance when n is prime
-

axe b fund n)

a-
'

an = a-
'

b (mod n)
in

1

uz a-
'b (mod n)

It's like dividing by a on both sides !

•
We can solve a Ayrton of equations as well ,

art by E e (mod n)
> eliminate y as usual

doe tey E f (mod D get Ax=B(mod n)


