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We learned that the number of integer solutions to

N , + Nz t . . . t Nn e k

Ni Z o

is Ctn:')
Examplei How many integer solutions are there for

M t Nz t Zz e 15 Rizo

here A- 3
,
K - 15 so

(33+7,
- t) -- (f) =

'751=136



What if ?
•

My t Zz T Zz = 15

x
, Zo

2273

K3 ZO

Nz > 3 ⇒ 22=3 +ya where ya > o

Z
, + (3 + ya)-123=15
R
, t yz t Zz = 12

RIZO Yz> O 2320

Solve as before : (357-1)=41)



Application
-

:

Recall : . He of binary words with n bits 2
"

• # of binary words with n bits and k t's

• # of binary words with n bits and K t's

and no consecutive 1's ?
#

Exauplei How many binary words have to bits
,
3 I's,

and no consecutive 1 's ?

e.g . 0010001010



The 3 I 's divide the o's into 4 groups

I EE

X
, Xz Xs 14

24+221-23+24 = 7

RIZO 2231 7h32 I 2420

let let Kelty, and as = It L, Yi30

M t Yz t y, t Ny = 5

UZO ye Zo Ys Zo 2420

answer : (" 'II) -- (9)



Why (9) ? There is another way to think

about the problem by considering all o's

• O .
O
.
O
.
O
.
O . O . O .

The 7 o's define 8 positions as show above .

Each position can take at most one 1 . To

place the 3 t 's , we have to choose 3 positions
out of 8

.
So (83) -



tkBinomiafiaiwts

(2) =

, ,
are called the

Binomial coefficients
runner

Soomepropatiesin (we will see why)

(a) = ⇐k) exanp (3) = why ?
[symmetry)

C.) =L: + I:') own
[Pascal Triangle]

ex : = (4) + (9)



The Pascal Triangle
mmmm

rowo I ( Hy )° = I

row , H1 Il : ) (ntyj
'

= In + Ig
row r (3) I 24) 14) Carey)

'

= 1. n' + Zoey + Ly
'

row 3 (3) I (3) I Cnty)3= 1.
'

n'+3mg +3mg't 1. y
'

I 4 641 44) 1 :
:

I 5 to 1041 5 1 (Ney)
"

= binomial

+ I -6 +15 -20 15 6 I polynomial of 2
variables

•

:



@ty } = Cnty) Cnty) (sexy)
we

@hay + ya ty) (nty)
-

&'t Zay ty ') (x ty)
Ee
n't +2¥ Zafy 't ng't y

'

n'+ 3dg + 3mg
'

+y
'



The Binomial theorem :

-

(sets)
"

= angot an - '
y
'

+⑦ an-25 + . . . (1) sign
= Is an

-

kyk

proofs (atg) (aty) . . . Gety)
#

= • . . /§ z
"-kg k . . .

To generate Nr
-

Ky k we have to pick k of the
n factors to contribute y , that can be done in (Ye)
ways .



Exampte Key} = . . . my
'

. . .

(nty) Guy)Lnty)
-

@ +g) (neg) Luty) there are ways of
-

contributing they
@tycnty) Guy )
Tl

In @tyJ , all trans are of the form Kay 's
where Atb - n

,
so ( b -- n - a)

(a) = ( T) [symmetry]



Exampledti )" = (3) Ii + (7)i - ' s ' +⑦ I - 'it . . . is

= ( no) + (7) +⑦ + . . . Cnn) = 2
"

nth row sum of binomial coefficients of
row n is 2h

.

(Familiar quantity ? ) (E) = # subsets of size K

so = total # subsets (addition rule) = 2 "



ft - D! its: i'
'

H' +⑦ I t . . . I

( Ita) )
"

hittin = Co) - + ④ -③ + . . . . + = o
"

When he > o , the answer is 0
.

so (8) +⑦ +④ ta . . = t t + . . .

# even subsets = # odd subsets

Ekanpki A- 3 E- { 42,33

of { 423 { l ? { 23
{ 43} { 43 } { 3k 91433



Anotherproofbybijech.my f : E → Ocs)
Q- ray are subsets of S

÷÷÷④ :c:*.
-

EG) Ocs, y.fpy={
" - EB 1er

Even subsets odd subsets

of s FS RUEB Itcz



⇒
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.

K =j - El }

✓
the set y u { 13 is even and

OG) has a 1 so

3- see Ecs) suck that Effy
see y v EB



One - to - one :

-

EG)

"* K

I EN, and I IE R2 ⇒ I IE y,
and I E ya ⇒ y, #Ya

l E K, and I E Zz ⇒ Removing the 1's makes y, # Yz
I 4- a, and I faze ⇒ adding 1's still makes y, # y,


